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Abstract

Using multiple robots is important for search-and-rescue, mining, entertainment, and warehouse
automation, where robots must operate in constrained, perhaps even maze-like environments
frequently. Motion coordination, which plans and executes the movement of robots, is a fundamental
building block in such scenarios. Ideally, motion coordination should be capable of coordinating
hundreds of robots efficiently even in obstacle-rich environments, of being executed on real physical
robots, and of handling unforeseen dynamic changes.

Two components of motion coordination are considered: motion planning and motion execution,
both of which are coupled. Motion planning assumes that the environment is known a priori, and
produces motion plans with theoretical guarantees such as completeness or optimality. On the other
hand, motion execution provides safety guarantees even in the case of unforeseen dynamic changes.
In this thesis, we extend the state-of-art in motion planning by providing a planning solution that
can plan for hundreds of heterogeneous robots within minutes. We also introduce motion execution
frameworks that can be used for robust (with respect to dynamically appearing obstacles, imperfect
motion execution, etc.) and persistent execution.

For motion planning, ideas from the artificial intelligence (AI) and robotics communities are
combined. AI solvers are capable of computing plans for hundreds of robots in minutes with
suboptimality guarantees. However, these solvers’ simplified and unrealistic agent model assumptions
make it challenging to execute the computed plans safely on real robots. Robotics solutions typically
include richer kinodynamic models during planning, but are very slow when many robots and
obstacles are taken into account. In this work, we combine the advantages of the two methods by
using a two-step approach. First, we use and extend solvers from the AI community to solve a
simplified coordination problem. The output is a discrete plan that, in its original form, cannot be
executed on a real robot. Second, we apply a computationally efficient post-processing step that
creates a smooth continuous plan, taking relevant kinematic constraints into account.

For motion execution, we couple motion planning and traditional motion execution methods
by adding a feedback term. In warehouse applications, this feedback term overlaps planning and
execution, enabling uninterrupted robot motions. In distributed settings, such a feedback term can
be used to avoid livelocks of robots in many cases.

The approaches are demonstrated on different teams of robots, including ground robot teams,
UAV teams, and heterogeneous teams.
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CHAPTER 1
Introduction

Coordinating many collaborative robots is very useful for search-and-rescue, mining, entertainment
and warehouse automation, as well as many other tasks. In many of these cases, robots must
maneuver in tight spaces �lled with obstacles to reach their objectives. Obstacles might be arranged
in maze-like structures and thus require robots to actually plan their motions in advance rather
than greedily advancing towards the goal. Moreover, tight spaces require coordination between
robots: for example, deciding which robot should pass through a narrow passageway �rst. A purely
reactive coordination approach can lead to livelock and is therefore undesirable. Instead, robots
should coordinate to decide which task each robot should ful�ll and the motions each robot must
execute to �nish their tasks. Some real-world systems already use many robots, such as an Amazon
Ful�llment Center that might use hundreds of robots on a single �oor [43]. Thus, there is a pressing
need for planning solutions that scale to such problem sizes and that can deal with real physical
systems and unforeseen e�ects, such as a broken robot or a priori unknown obstacles.

In this work, we propose a solution for motion coordination that combines the advantages of
centralized planning and robust execution. First, we propose novel centralizedmotion planning
techniques, that can produce kinodynamically feasible trajectories for hundreds of heterogeneous
robots in obstacle-rich environments within minutes. Second, we introducerobust execution, an
approach that can execute pre-planned trajectories safely under a variety of dynamic changes (such
as dynamically appearing obstacles or external disturbances), while considering the pre-planned
trajectories directly. All algorithms are demonstrated on real robots, including di�erential-drive
ground robots and UAVs.

Motion Planning

In arti�cial intelligence, coordination tasks have been studied in the �eld of multi-agent systems.
One example is theMulti-Agent Path Finding (MAPF) problem, where agents are tasked to move

Discrete
planning

Continuous
post-processing

Figure 1.1: Overview of the motion planning approach.
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from known start to goal locations. Recent advances allow the computation of paths for hundreds
of agents in obstacle-rich environments within minutes while also providing bounded suboptimality
guarantees. Such planners make simplifying assumptions about the environment and robots: both
time and space are discretized, the agents are assumed to be point robots that can move in perfect
synchronization on a graph, and the agents are assumed to be able to perfectly execute the plan.
Thus, applying the planners' solution to real robots is challenging, because the assumptions are far
from reality.

The robotics community has developed di�erent approaches to deal with real robots. Many
solutions use detailed models of the robots, including kinodynamic constraints. Combined with
robust controllers, this ensures that the computed plans are likely able to be executed on real robots
in practice. However, such planning is computationally expensive and often only works with a
team of a few robots. Other approaches in robotics use reactive planning and work well on many
robots, but cannot deal with maze-like environments and do not provide formal guarantees like
completeness or suboptimality.

In this thesis, the advantages of the two approaches are combined. In particular, we develop a
scalable algorithm that comes with theoretical guarantees and apply it to real robot systems. Our
approach is based on planners from the AI community (and novel extensions thereof) and uses
post-processing steps to allow safe execution on real robots, see Fig. 1.1. We leverage the fact that
AI solvers essentially solve the coordination problem on an abstract level, creating a partial order
between the robots. Such an abstract solution can be re�ned to include robot-speci�c properties.
The post-processing step depends on the type of robots; this thesis includes examples for ground
robots (in a warehouse-like domain), aerial vehicles, and heterogeneous teams.

Robust Execution

To compensate for changes in the environment or imperfect execution, one might apply cooperative
collision avoidance strategies, such as ORCA [16], at runtime. However, such algorithms often
operate locally and do not take the pre-planned trajectories into account. Robust execution, on
the other hand, avoids future collision more e�ectively because it directly considers pre-planned
trajectories. In case unforeseen changes occur (such as dynamically appearing obstacles), one might
need to trigger (incremental) re-planning for the motions, adding a feedback term between motion
planning and motion execution, see Fig. 1.2.

This work will show how robust execution can be used in di�erent scenarios. First, we demonstrate
in warehouse settings that robust execution allows us to apply planning algorithms from the AI
community directly without the need of frequent replanning. Here, re-planning is triggered by
newly appearing obstacles or new tasks. We then develop a novel data structure that allows us to
overlap planning and execution, avoiding unnecessary idling during the robots' operation. Second,
we generalize one of our motion planning algorithms to regenerate trajectories in a distributed way
in real-time. Here, the feedback term is used to run a single-robot motion planner that avoids
livelocks of robots in many cases.

Motion
Planning

Motion
Execution

Figure 1.2: Overview of the motion execution approach.
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1.1. Contributions

1.1 Contributions

This dissertation presents scienti�c contributions in AI on multi-agent path �nding, in robotics on
motion planning, and in engineering on multi-robot system veri�cation as follows1:

Arti�cial Intelligence

ˆ A generalization of MAPF (MAPF/C) that allows the computation of collision-free paths
for arbitrary roadmaps for robots of a known physical size, as well as the development of
e�cient solvers for MAPF/C problem instances, including labeled and unlabeled variants,
with bounded suboptimality guarantees. Details are given in Section 6.3 and published as
part of an IEEE Transactions on Robotics paper [172].

ˆ A generalization of Con�ict-Based Search that also �nds the optimal task assignment (CBS-TA).
Details are given in Section 6.2 and published as part of an AAMAS paper [166].

Robotics

ˆ MAPF-POST, a post-processing method that can be used to safely execute paths on ground
robots produced by any MAPF solver. MAPF-POST can take simple kinematic constraints
into account and provides a user-de�ned safety distance between robots. Details are presented
in Chapter 7 and the work has been conditionally accepted for publication in the Journal of
Arti�cial Intelligence Research [169].

ˆ A post-processing approach for quadrotors and ground robots in obstacle-rich environments
that considers the asymmetric interaction between multiple UAVs, known as downwash. Details
are given in Chapters 8 and 9 and published as part of an IEEE Transactions on Robotics
paper [172] and an IROS paper [38].

ˆ A framework for robust motion execution for robots in warehouses and di�erentially-�at
robots. Details are given in Chapter 10 and are accepted at IEEE RA-L [167] and published
at DARS [129].

Engineering

ˆ A testbed for experimental validation of algorithms targeting aerial vehicles called the
Crazyswarm. This testbed has been used successfully with up to 49 vehicles. Details are given
in Chapter 4 and published at ICRA [119].

ˆ A methodology that integrates Mixed Reality with robotics research. Details are given in
Chapter 5 and published at IROS [171].

1.2 Outline

An overview on existing literature for both the AI and robotics communities is provided in Chapter 2,
including theoretical hardness results and typical algorithms.

In Part I techniques and testbeds for experimental validation of multi-robot systems are presented.
In particular, Chapters 3 and 4 show practical testbeds for ground robots and UAVs, respectively.
Chapter 5 demonstrates how Mixed Reality can be used to simplify implementation and validation
in robotics development and research.

1A full list of publications, including work that is not described in this thesis, is given in Appendix B.
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1.2. Outline

Part II presents centralized motion planning techniques. A formal introduction to the Multi-
Agent Path Finding problem and important variants is presented in Chapter 6. In particular,
we discuss labeled, unlabeled, and multi-color cases and typical algorithms that can solve such
instances. We use this background information to introduce multi-agent path �nding with optimal
task assignment and e�cient solvers. Moreover, we introduce a generalization of MAPF, called
MAPF/C and solvers for MAPF/C problem instances, which lays the foundation for some later
chapters in Part II. Chapters 7 and 8 discuss post-processing steps for ground robots and quadrotors,
respectively. In case of ground robots we introduce MAPF-POST, which uses the planned paths
and assigns a realistic velocity pro�le using a simple temporal network. For quadrotors, we use
trajectory optimization within safe corridors to compute smooth and safe trajectories. We generalize
our approach for quadrotors to heterogeneous robot teams (including UAVs of di�erent sizes and
di�erential-drive ground robots) in Chapter 9.

Part III presents algorithms that can be used to execute motions safely, even if there are dynamic
changes, such as new tasks, newly appearing obstacles, or external disturbances. In Chapter 10
we show how a variation of MAPF-POST can be used for robust and persistent operation in a
warehouse domain. Chapter 11 introduces a distributed robust execution method, which combines
ideas from collaborative collision avoidance and our motion planning work.

Conclusions and future work are discussed in Chapter 12.
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CHAPTER 2
Background

Motion coordination is well represented in the literature, including both the AI and robotics
communities. In the AI community, the focus is largely on planning and multi-agent path �nding
(MAPF) is a commonly used term. However, MAPF is also known under di�erent names: for
example Cooperative Path Finding (CPF) [145], Pebble Motion on a Graph (PMG) [86], and
Multi-Robot Path Planning (MPP) [179]. In the robotics community, there are solutions for motion
planning and motion execution, where the latter are often under the umbrella of collision avoidance.

We consider three general variants of the MAPF problem: labeled, unlabeled, and multi-color. In
the labeledor non-anonymous case, the goal location for each agent is given a priori. Theunlabeled
or anonymous case allows the algorithm to assign goals from a given set of possible goal locations.
The multi-color version partitions agents into groups and allows agents to swap goals with their
respective group members.

This chapter surveys relevant work in the AI and robotics communities, respectively, and provides
an overview of the possible relevant applications of motion coordination to demonstrate its practical
importance.

2.1 Arti�cial Intelligence

MAPF solutions in the AI literature generally ignore robotic-speci�c properties, such as a �nite size
or kinematic constraints. Most approaches are based on a search graph, where agents can either
stay at their current vertex or traverse to a neighboring vertex during a timestep. A formal problem
description of MAPF as used in this thesis and some of the related work is given in Chapter 6.

2.1.1 Theoretical Results

The labeled MAPF variant was studied as pebble motions on graphs, as a generalization of the
�15-puzzle�. Here, the assumption is typically that there is at least one unoccupied vertex. A solution
can be found in polynomial time [123, 86] and it is possible to test for feasibility in linear time [59,
100]. These results also apply in the special case when there are as many agents as vertices [181].
However, �nding optimal solutions cannot be done in polynomial time in the general case. One might
minimize the total time, the time until the last agent reaches its goal (known as the makespan), or
the total distance. The total distance di�ers from the total time optimization as it does not require
moving agents in parallel. Unfortunately, it has been shown that �nding optimal solutions for any
of these three objectives is NP-hard in the labeled case. In particular, the study of puzzles has
revealed that minimizing the total distance is NP-hard [58, 120]. Later, Surynek [144] proved that
minimizing the makespan is NP-complete and Ma et al. [98] showed that it is even NP-hard to

5



2.1. Arti�cial Intelligence

approximate with a factor less than 4=3. Finally, Yu and Lavalle [180] showed that minimizing the
total time is NP-hard and that the three objectives cannot be simultaneously optimized. They also
showed that this is true in the special case when there are as many agents as vertices (a case that
had been neglected in other proofs.)

In the unlabeled case, it is possible to construct a time-expanded �ow-graph representing the
MAPF problem. Maximum-�ow algorithms can then be used to �nd optimal solutions with respect
to makespan and total distance in polynomial time. Furthermore, it is possible to provide upper
bounds on the number of required steps [178].

The feasibility of the multi-color version can be checked in linear time as well [59], but �nding
an optimal solution with respect to the makespan is known to be NP-hard even to approximate
within a factor less than 4=3 [98].

Some works consider special instances of the MAPF problem. If the underlying graph is acyclic
(i.e. a tree), the feasibility can be checked in linear time [59, 100, 9]. Some algorithms are constructive,
allowing the computation of a solution [9].

2.1.2 Algorithms

Several algorithms to compute solutions for various MAPF variants have been proposed. The
di�erent algorithms have di�erent properties in terms of completeness (complete in the general
case, complete in restricted environments, incomplete), optimality (optimal, bounded suboptimal,
suboptimal) with respect to di�erent objectives, and execution (centralized, decentralized). The
approaches can be roughly categorized into reduction-based solvers, search-based solvers, and
rule-based solvers.

2.1.2.1 Reduction-based Approaches

Labeled MAPF can be solved by reductions to other well-studied problems. Using answer set
programming enables us to describe problems generically with applications in the vehicle routing
domain and optimization of user-de�ned cost functions [45]. Integer linear programming has been
used to handle cases with as many agents as vertices with varying objectives including minimizing
makespan, total distance, and total time [179]. A reduction to the Boolean satis�ability problem
(SAT) can �nd solutions that minimize the makespan [146], attempt to minimize the makespan
sub-optimally [145], or minimize the total time [147].

2.1.2.2 Search-based Approaches

Search-based approaches can be used to solve labeled MAPF instances as well. In principle, it
is possible to plan in the joint space of all agents. However, this leads to exponentially many
states to explore (with respect to the number of agents), making this approach impractical [49].
Thus, search-based methods attempt to reduce the search-space. One approach is to decouple the
planning, which leads to an incomplete but fast algorithm. Hierarchical Cooperative A* (HCA*)
computes paths for agents sequentially, treating the paths for previously planned agents as a moving
obstacles [134]. Such an approach is very fast in practice but not complete. Extensions such as
Windowed Hierarchical Cooperative A* (WHCA*) [134] and Cooperative Partial-Re�nement A*
(CPRA*) [141] improve the runtime of the approach by including temporal and spatial hierarchies,
respectively.

Other search-based approaches attempt to postpone the coupling of the search-space and usually
�nd optimal solutions with respect to the total time. Independence Detection with Operator
Decomposition [139] attempts to group the agents into independent groups, reducing the e�ective
search space. Enhanced Partial Expansion A* [57] operates in the joint search-space, but avoids
generating successor nodes in the search tree that are not required for the optimal solution.
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2.2. Robotics

Subdimensional Expansion and the M* algorithm [157, 156] dynamically increase the search-space
locally in time and space. Increasing Cost Tree Search (ICTS) [132] and Con�ict-Based Search
(CBS) [131] use two-level search. In ICTS, the nodes in the high-level search de�ne the solution
cost for each individual agent. The low-level search stores all solutions of a requested cost for a
given agent (avoiding con�icts with the other agents). In CBS, on the other hand, the high-level
search de�nes the solution for each agent and spatio-temporal constraints. The low-level search
�nds solutions for single agents that are consistent with a list of such constraints. More details
about CBS (and novel extensions thereof) are presented in Chapter 6.

2.1.2.3 Rule-based Approaches

Rule-based approaches only compute suboptimal solutions but can do so very fast. In some cases
it is possible to give completeness guarantees. A well known but incomplete rule-based approach
is Push and Swap [93, 126]. Push and Rotate is an extension of Push and Swap that is complete
if there are at least two unoccupied vertices [165]. A decentralized version of Push and Swap is
Push-Swap-Wait [164], which has completeness guarantees for some environments. The tree-based
agent swapping strategy (TASS) [83] is an approach that is complete for acyclic graphs. Another
work uses a multiphase planning algorithm [113] based on a spanning tree representation of the
environment. Finally, BIBOX [143] is complete on bi-connected graph with 2 unoccupied vertices.

Some algorithms use both rules and search. For example, Flow Annotation Replanning [159]
and MAPP [160] can solve labeled MAPF instances suboptimally. The latter provides completeness
guarantees on graphs with a speci�cslidable property. More details and a limited performance
evaluation for di�erent labeled MAPF solving techniques are given in [49].

2.1.2.4 Other Approaches

The unlabeled MAPF problem can be solved optimally with respect to makespan and total distance
in polynomial time [178]. The approach uses a time-expanded �ow-graph and a min-cost max-�ow
algorithm to compute the resulting path for each agent.

Con�ict-Based Min-Cost-Flow (CBM) can compute makespan-optimal solutions to the multi-
color MAPF problem [95]. It is a search-based approach and combines ideas from CBS in the
high-level and the �ow-based approach in the low-level.

2.2 Robotics

Robots have, unlike agents, a physical embodiment and are subject to kinodynamic constraints.
We �rst show that even relatively simple problems in continuous environments are PSPACE-hard.
Afterwards, we discuss existing approaches that can solve multi-robot planning problems in practice.

2.2.1 Theoretical Results

It is known that even when ignoring kinodynamic constraints and looking at a pure motion
planning problem, the resulting decision problem is PSPACE-hard. In all cases we assume that
shapes of the robots and the environment are known and that we can arbitrarily move the robots
(translation/rotation) in space. The motion planning decision problem determines whether it is
possible to move the robots from their known start locations to their respective goal locations. If the
robots and environments are arbitrary rectangles, the labeled problem, also calledWarehouseman's
Problem, is PSPACE-hard [70]. This is even true for domino-like sliding puzzles, where robot sizes
have a �xed side length ratio of one-to-two [69]. PSPACE-hardness also holds in the unlabeled case
considering unit-square robots and polygonal obstacles [136].
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2.2. Robotics

If restrictions on the environment and start/goal locations can be imposed, the problem is easier
to solve. The Well-Known Infrastructure property requires robots' start and goal location to not
obstruct each other [25]. In this case, planning for each robot sequentially leads to a complete
(but not optimal) solution. If no obstacles are present, the unlabeled problem can be solved in
polynomial time while minimizing the sum-squared distance traveled [152].

2.2.2 Algorithms

Many solutions for multi-robot motion planning have been proposed in the past and there is some
similarity to AI-based solvers. Motion planning problems can be framed as optimization problems
for all robots in joint space. This approach is similar to the reduction-based solvers from AI and
provides completeness and optimality but poor scalability. Several methods try to decouple the
robots (either statically or dynamically), similar to some of the search-based approaches in AI.
Rule-based methods in robotics are local planners or collision avoidance methods, showing great
scalability but no completeness or optimality guarantees. Sampling-based approaches attempt to
reduce the large state-space using random sampling. Some of the variants work on discrete graphs
while others work in continuous environments.

2.2.2.1 Meta-Robot Approaches

A simple approach to multi-robot motion planning is to repurpose a single-robot planner and
represent the Cartesian product of the robots' con�guration spaces as a single large joint con�guration
space [90]. Robot-robot collisions are represented as con�guration-space obstacles. However, the
high-dimensional search space is computationally infeasible for large teams.

A similar approach uses optimization techniques to optimize for a team of robots. Mixed Integer
Linear Programming (MILP) [128], Mixed Integer Quadratic Programming (MIQP) [104], Sequential
Convex Programming (SCP) [8], Particle Swarm Optimization (PSO) [101], and co-evolutionary
genetic programming [77] have been used in the past. They provide optimal results (with respect to
a cost function), but do not scale to large teams or obstacle-rich environments.

2.2.2.2 Decoupling Approaches

Some approaches attempt to decouple the robots. In the priority-based schema the planning is done
sequentially, treating previously created robot motions as dynamic obstacles [46]. This approach
is incomplete in the general case and highly depends on the order of the robots. Thus, many
di�erent approaches have been proposed that �nd priorities automatically to minimize the risk of
deadlocks [21, 15, 13]. Decentralized variants of prioritized planning exist as well [155]. In case the
start and goal locations of the robots never obstruct other vehicles, the priority-based approach
can always �nd solutions [25]; this Well-Known Infrastructure property is in particular relevant for
warehouse scenarios. It is possible to use a token-based decentralized method for motion planning
in well-known infrastructures [27].

Another decoupling approach separates space and time. One can �rst plan paths for the
robots individually and then compute velocity pro�les that avoid any collisions during execution.
This approach has been �rst applied to single robots navigating in environments with dynamic
obstacles [80], but can also be used in the context of multi-robot systems [115]. A similar approach
uses shortest paths on pre-de�ned roadmaps and then formulates a linear program (LP) to solve
the task and path planning algorithm optimally [125].

Moreover, decoupling can also be used in combination with optimization techniques such as
Sequential Convex Programming [31].
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2.3. Applications

2.2.2.3 Collision Avoidance Approaches

Reactive collision avoidance is often distributed and only requires local information. Thus, it scales
well to hundreds of robots, but it is susceptible to local minima.

One approach is to use arti�cial potential �elds [162]. Here, arti�cial potentials are used to repel
robots from obstacles and attract them towards their goal.

Optimal reciprocal collision avoidance (ORCA) [16] uses velocity obstacles and computes a
locally optimal velocity for each robot at each timestep independently. It is distributed, but requires
an estimate of the positions and velocities of neighboring robots. Velocity obstacles can also be
used for human crowd simulations [63]. Another approach only requires position information and is
based on Bu�ered Voronoi Cells [182].

Some collision avoidance strategies can also track a reference trajectory, which is similar to what
we refer to as robust execution. For example, nonlinear model predictive control [78] can be used
for collision avoidance of UAVs. Another method only changes the temporal execution of reference
trajectories by compensating for delaying disturbances [60].

2.2.2.4 Sampling-based Approaches

Sampling-based planning approaches have been widely successful in robotics. They work well in
high-dimensional state-spaces and some algorithms such as RRT* and PRM* are asymptotically
optimal [81]. Several variants have been created that target multi-robot systems speci�cally. The
Multi-agent RRT* (MA-RRT*) applies RRT* to the discretized joint space of all robots (using a
graph) [26]. A similar idea is used for discrete RRT (dRRT), where RRT is executed over implicit
representation of the composite roadmap [137]. Decentralized Multi-Agent RRT (DMA-RRT) uses a
merit-based token passing strategy where individual robots plan sequentially (but not necessarily in
a �xed order). A cooperative version allows robots to change the plan of their group members [40].

2.2.2.5 Other Approaches

One approach discretizes the possible robot motions using state lattices and decouples spatial and
temporal planning [33]. This method is neither complete nor optimal, but can deal with highly
constrained robots such as forklifts.

Spatial envelopes can be used to de�ne the required space for robot motions. It is then possible
to identify �critical sections�, where robots might collide, and de�ne a precedence relation between
di�erent robots for coordination [114].

A combination of sampling and graph search was used to move disc robots in a plane with
polygonal obstacles for multi-color MAPF [135].

If no obstacles are present, unlabeled MAPF can be solved in polynomial time while minimizing
the sum-squared distance traveled [152].

2.3 Applications

MAPF-style problems are basic blocks in many applications where multiple robots need to cooperate.
In the following we discuss applications where MAPF is operating in mostly a priori known
environments that are potentially �lled with obstacles.

Warehouse Automation In some warehouse domains, robots must deliver shelves to humans, who
then take items from the shelves to ful�ll orders [175]. In order to maximize the warehouse's
throughput and the utilization of its space, the robots must operate in tight and occluded
environments, avoiding close proximity with obstacles, other robots, and human workers.
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2.3. Applications

Tra�c Autonomous aircraft-towing vehicles that tow aircraft all the way from the runways to
their gates (and vice versa) can reduce pollution, energy consumption, congestion, and
human workload [108]. Air tra�c management con�ict resolution can help to avoid mid-air
collisions [150]. For cars, an automated intersection management can be used to reduce
congestion [42].

Entertainment Real-time strategy games are in need of fast path planning algorithms and
formation control. While optimality is not required, completeness and fast computation
are a necessity [134, 159]. Physical robots can also be used to replace traditional methods
of visualization. For example, di�erential drive robots with LEDs can be used to replace
displays [4]. Similarly, quadrotors with high-powered LEDs might be used for light shows [74].

There are many more possible applications of multi-robot motion planning, including search
and rescue [84], human crowd simulation [63], mining [99], and formation control [170]. Additional
references are listed in other resources [179, 90].
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CHAPTER 3
Ground Robots

The ground robot platform, which is used for empirical evaluation in this thesis, is based on a
commercially available platform with small changes that are well documented on our project's
webpage1.

For the hardware platform, we selected the iRobot Create 2, a refurbished vacuum cleaning robot
speci�cally designed for science, technology, engineering and mathematics(STEM) education2.

In the following section, the hardware, custom modi�cations, and software infrastructure are
discussed in more detail.

3.1 Vehicle

The iRobot Create 2 robot is a di�erential-drive robot with a cylindrical shape with diameter 0:35 m,
height 0:1 m, and weight 3:5 kg. Its robust mechanical build can withstand crashes and accidental
drops. The robot can reach a translational velocity of up to 0:5 m=s. The robot's �rmware is
closed-source; however, a serial port is available, together with an API [75] describing how to control
the di�erent actuators and how to read sensors. The following actuators are supported:

ˆ 2 wheels (pulse-width-modulation or velocity control)

ˆ Motors (main brush, vacuum, and side brush)

ˆ LEDs (four binary status indicators and one ring with variable color and intensity)

ˆ Display (four-digit seven-segment)

ˆ Speaker (playing pre-programmed tones)

The following sensors are available:

ˆ Wheel encoders

ˆ 6 IR proximity sensors

ˆ 4 cli� sensors (essentially downward facing IR-sensors)

This chapter is based on Wolfgang Hönig , Arash Tavakoli, and Nora Ayanian. �Seamless Robot Simulation
Integration for Education: A Case Study�. In: Workshop on the Role of Simulation in Robot Programming at SIMPAR
2016, San Francisco, CA, December 2016 . 2016. url : http://act.usc.edu/publications/Hoenig_SimRP2016.pdf .

1https://pycreate2.readthedocs.io
2More details are available at https://www.irobot.com/about-irobot/stem/create-2.aspx
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3.2. Architecture

(a) iRobot Create 2 with ex-
tensions.

(b) ODROID C1+ embedded
computer.

(c) Removable extension
containing added hardware
components.

Figure 3.1: iRobot Create 2 robot (a), which we equipped with a small embedded computer
(b). Everything is mechanically integrated (c) as a module for easy maintenance.

ˆ 3 IR receivers (left, right, omni-directional)

ˆ 2 wheel-drop sensors

ˆ 2 bump sensors

ˆ 8 buttons

ˆ Temperature sensor

ˆ Power-related sensors (voltage, current, and battery capacity)

Furthermore, there is a docking station which sends out IR beams such that the Create 2 can
�nd the dock autonomously for self-charging.

To be able to run software without the need for a cable connection to a laptop, we use the small
embedded computers ODROID C1+ or ODROID XU43, running Ubuntu 14.04 LTS. The ODROID
C1+ features an ARM Cortex A5 1:5 GHz quad-core CPU, has1 GB RAM, boots from microSD,
and has four USB ports. The ODROID XU4 uses an ARM Cortex A15 2 GHz octa-core CPU and
has 2 GB RAM. We attach a WiFi USB dongle to the ODROID to connect and control the robot
wirelessly.

Additional sensors and actuators can be added using thegeneral purpose input/output (GPIO)
pins.

The ODROID is directly connected to the main battery, because the extension connector on
the Create 2 has a low current limit. We integrate all components into the vacuum container of
the robot, making it easier to transport and less a�ected by any crashes. Furthermore, connectors
allow us to quickly swap our hardware additions between robots in order to simplify and speed up
maintenance. Our �nal design, the extension container, and the embedded computer are shown in
Fig. 3.1. The total cost per robot is approximately 350 USD. The list of parts and a wiring diagram
are available online as part of the project's documentation4.

3.2 Architecture

Each robot is running control and state estimation on-board its ODROID, using ROS as middleware.
For state estimation, we support odometry (using the wheel encoders) as well as a motion-capture
system. All robots are connected over WiFi to a central computer, which also runs therosmaster .

3https://www.hardkernel.com
4http://pycreate2.readthedocs.io
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3.3. Control

We also implement simulation models of the robot in v-rep and Gazebo . Our Gazebo
simulation uses ROS, while ourv-rep simulation can be used either with ROS, or a custom
high-level Python API that we developed speci�cally for educational purposes [173].

3.3 Control

There are two kinds of controllers for our ground robots. First, a controller that attempts to reach
a waypoint at a desired time, controlling both heading and speed of the robot. Such a controller
is useful for executing motions on a real robot that were planned on a grid. Second, a controller
that follows a given trajectory (which encodes both a spatial path and a velocity pro�le). Such a
controller is useful for executing motions that were planned using trajectory optimization techniques.

3.3.1 Go To Goal With Deadline

For the go-to-goal functionality, we use a simple PD control law. The control inputs are the current
state in position pdes , velocity vdes , current yaw angle  , the goal location pdes , and time until
the robot should reach the goaltdes . The control output u = [ v; ! ]T are the linear velocity and
rotational velocity, which can be easily converted to individual motor speeds on a di�erential drive
robot [127]. The current state position and heading can be directly measured in a motion-capture
system and the velocity v can be numerically estimated.

The desired heading angle des can be computes as

 des = atan 2(pdes [y] � p[y]; pdes [x] � p[x]): (3.1)

We can compute the angle errore as the shortest signed angle between and  des

e = atan 2(sin( des �  ); cos( des �  )) : (3.2)

The desired speedvdes is computed using the remaining distance and time as follows

vdes =
kpdes � pk

tdes
: (3.3)

The control law usesvdes as feed-forward term and a proportional feedback term as follows

u =
�

v
!

�
=

�
vdes + K v

p (vdes � k vk)
K !

p e 

�
; (3.4)

where K v
p and K !

p are positive scalar control gains.

3.3.2 Trajectory Following

For trajectory following we use a provable stable tracking controller for non-holonomic vehicles [79].
The control inputs are the current state position p 2 R2, current yaw angle  , the setpoint in
position pdes , setpoint in velocity vdes , and setpoint in acceleration •pdes . The control output
u = [ v; ! ]T are the linear velocity and rotational velocity, which can be easily converted to individual
motor speeds on a di�erential drive robot [127]. The current state (p;  ) can be directly measured
in a motion-capture system; the setpoint can be given in di�erent forms, including polynomials or
Beziér curves.

We can compute the desired heading

 des = arctan
vdes [y]
vdes [x]

; (3.5)
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3.4. Remarks

where vdes [y] and vdes [x] are the y and x components of the velocity setpoint, respectively. The
desired angular velocity is:

! des =
 des

dt
=

vdes [x]•pdes [y] � vdes [y]•pdes [x]
vdes [x]2 + vdes [y]2

(3.6)

The error in position can be computed as

ep =
�

cos sin  
� sin  cos 

�
(pdes � p): (3.7)

The heading error is simply e =  des �  .
The control law has a feed-forward term and a proportional feedback term as follows:

u =
�

v
!

�
=

�
kvdesk cose + K x ep[x]

! des + kvdesk(K y ep[y] + K  sine )

�
; (3.8)

where K x , K y , and K  are positive scalar control gains.

3.4 Remarks

The proposed architecture is application agnostic and not only useful for multi-robot research
validation, but also for single-robot use cases. For example, the robot hardware design has also been
used for an undergraduate class �Introduction to Robotics�, taught at the University of Southern
California. Instead of ROS, students write their code in form of Python scripts, which can be
executed without changes in a V-REP simulation environment or on the physical robot [173].
Additionally, the overall software and control architecture also works for ROBOTIS TurtleBot 3 5

robots, which have the advantage that the low-level control �rmware is open source and can be
modi�ed.

We use this architecture in this thesis in Chapters 7, 9 and 10.

5http://www.robotis.us/turtlebot-3/
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CHAPTER 4
Aerial Vehicles: Crazyswarm

Quadcopters are a popular robotic platform due to their agility, simplicity, and wide range of
applications. Most research quadcopters are large enough to carry cameras and smartphone-grade
computers, but they are also expensive and require a large space to operate safely. For very large
swarms, smaller quadcopters are more attractive. The reduced size of these vehicles motivates
di�erent system design choices compared to a typical setup for larger vehicles in smaller numbers.

Here we describe the system architecture for a swarm of 49 very small quadcopters operating
indoors. The vehicles use a motion-capture system for localization and communicate over three
shared radios. Our system uses o�-the-shelf hardware and performs most computation onboard.
The software is available as open-source and already widely used in the research community. At the
time of the initial publication in 2017, the system described here was, to our knowledge, the largest
indoor quadcopter swarm, and had the largest number of quadcopters controlled per radio.

4.1 Related Work

Unmanned Aerial Vehicle (UAV) swarms have been used indoors for formation �ight and collaborative
behaviors, outdoors to demonstrate swarming algorithms, and in the media for artistic shows.

Kushleyev et al. describe the design, planning, and control of a custom micro quadcopter with
experiments involving up to 20 vehicles [88]. The group's infrastructure is described in [105]. While
key aspects are similar, our work di�ers in the following ways: (a) our architecture is designed
to reduce communication bandwidth and scales better to larger numbers of quadcopters; (b) we
demonstrate interactivity with the swarm; and (c) we use a commercially available platform and
provide our source code online.

The Flying Machine Arena at ETH Zurich supports both single- and multi-robot experiments.
An overview of the system architecture and applications is given in [94]. Unlike our work, the
position controller runs o�board, making the system less robust to packet drops. The additional
computational power is used for a latency compensation algorithm to improve accuracy for high-speed
�ights.

This chapter is based on James A. Preiss*, Wolfgang Hönig* , Gaurav S. Sukhatme, and Nora Ayanian.
�Crazyswarm: A large nano-quadcopter swarm�. In: IEEE International Conference on Robotics and Automation
(ICRA) . Star (*) refers to equal contribution. 2017, pp. 3299�3304. doi : 10.1109/ICRA.2017.7989376 .
James A. Preiss was a PhD student and mostly worked on the EKF and on-board trajectory planning and execution. I
mostly worked on radio communication and the ROS host computer software layer. We both worked on frame-to-frame
object tracking, controller, and physical experiments.
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4.2. Vehicle

Figure 4.1: The Crazy�ie 2.0 miniature quadcopter with four motion-capture markers, LED
expansion board (not visible), and battery.

UAVs have been used to demonstrate swarming algorithms outdoors on �xed wing [66, 32] and
quadcopter [154] platforms with up to 50 vehicles. Our platform uses a smaller vehicle, allowing us
to execute such experiments indoors in a laboratory environment.

Quadcopter swarms have been featured in the media as well. A world record for the most UAVs
airborne simultaneously was set in 2015 with 100 quadcopters �ying outdoors [74]. In 2016, a
TED talk featured about 35 nano-quadcopters �ying without a net above a crowd indoors using
an ultra-wideband localization system [37]. In 2018, Intel showed 110 drones indoors at the CES
keynote [73]. However, not many technical details about those solutions are publicly available. Our
solution is open-source, requires a motion-capture system, allows dense formations, and shows good
scalability.

Other multi-robot testbeds include the Robotarium [118], a platform that is accessible remotely,
but currently only supports ground robots.

4.2 Vehicle

The Crazy�ie 2.0 quadcopter (Fig. 4.1) measures 92 millimeters between diagonally opposed motor
shafts and weighs 27 grams with a battery. It contains a 32-bit,168 MHz ARM microcontroller with
�oating-point unit that is capable of signi�cant onboard computation. Software and hardware are
both open-source. The Crazy�ie communicates with a PC over the Crazyradio PA, a2:4 GHz USB
radio that transmits up to two megabits per second in 32-byte packets.

Our payload of motion-capture markers and an LED light expansion board brings the Crazy�ie's
mass to 33 grams. This reduces battery life from the listed seven minutes to six minutes, and
results in a peak thrust-to-weight ratio of � 1:8. The system's dynamics and empirically determined
parameters have been discussed in previous Master's theses [89, 53].

The Crazy�ie's small size makes it suitable for indoor �ight in dense formations. It can survive
high-speed crashes due to its low inertia and poses little risk to humans.
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4.3. Architecture Overview

Figure 4.2: Diagram of major system components. A point cloud of markers detected by a
motion-capture system is used to track the quadcopters. All estimated poses are broadcasted
using three radios. Planning, state estimation, and control run onboard each vehicle at
500 Hz .

4.3 Architecture Overview

Our system architecture is outlined in Fig. 4.2. We track the vehicles with aVicon motion-capture
system using passive spherical markers. While the motion-capture system creates a single point of
failure, we chose it over alternatives due to its high performance: typical position errors are less
than one millimeter [94]. In comparison, a state-of-the-art decentralized localization system using
ultra-wideband radio triangulation [91] showed position errors of over 10 centimeters, too large
for dense formations. While vision-based methods are both accurate and decentralized [47], the
required cameras and computers necessitate a much larger vehicle.

In contrast to related systems [94, 105], we implement the majority of in-�ight computation
onboard. The base station sends complete trajectory descriptions to the vehicle in the form of
polynomials, ellipses, etc. For external feedback, the base station broadcasts vehicle poses using
three radios operating on separate channels.

The main onboard loop runs at 500 Hz. In each loop cycle, the vehicle reads its Inertial
Measurement Unit (IMU) and runs the state estimator, trajectory evaluator, and position controller.
Messages with external pose estimates arrive asynchronously and are fused into the state estimate
on the next cycle.

Since the full trajectory plan is stored onboard, the system is robust to signi�cant radio packet
loss. If a packet is dropped, the vehicle relies on its IMU to update the state estimate. We quantify
our system's stability against simulated packet loss in Section 4.10.3.

4.4 Object Tracking

Standard rigid-body motion-capture software such asVicon Tracker requires a unique marker
arrangement for each tracked object. The Crazy�ie's small size limits the number of locations to place
a marker, making it impossible to form 49 unique arrangements that can be reliably distinguished.
Therefore, we obtain only raw point clouds from the motion-capture system, and implement our
own object tracker based on theIterative Closest Point (ICP) algorithm [17] that handles identical
marker arrangements. Our method is initialized with known positions, and subsequently updates
the positions with frame-by-frame tracking.

18



4.5. State Estimation

4.4.1 Initialization

With identical marker arrangements for each vehicle, the object tracker needs some additional source
of information to establish the mapping between vehicle identities (radio addresses) and spatial
locations. We currently supply this information with a con�guration �le containing a �xed initial
location for each vehicle. However, it is not feasible to place each vehicle at its exact con�gured
position before every �ight. To allow for small deviations, we perform a nearest-neighbor search
within a layout-dependent radius about the initial position, and try ICP with many di�erent initial
guesses for vehicle yaw. We accept the best guess only if its resulting alignment error is low (less
than 1 mm mean squared Euclidean distance between aligned points).

In future work we plan to eliminate the con�guration �le, using either infrared LEDs or
programmed small motions for vehicle self-identi�cation via the motion-capture system.

4.4.2 Frame-to-Frame Tracking

Each frame, we acquire a raw point cloud from the motion-capture system. For each object, we
use ICP to register the marker positions corresponding to the object's last known pose against
the entire scene point cloud. This process is independent for each object, so it can be executed in
parallel. This approach assumes that there are no prolonged occlusions during the duration of the
�ight. We limit ICP to �ve iterations, which allows operation at 75 Hz with 49 robots using our
computer hardware.

Motion-capture systems sometimes deliver a point cloud with spurious or missing points; if
undetected, this may cause tracking errors. To mitigate these errors, we compute linear and angular
velocities from the ICP alignments and reject physically implausible values as incorrect alignments.
In combination with our on-board state estimation, a few missing frames do not cause signi�cant
instabilities, making tracking reliable in practice.

4.5 State Estimation

To reduce communication bandwidth requirements and maintain robustness against temporary
communication loss, we fuse motion-capture and IMU measurements onboard in an Extended
Kalman Filter (EKF). The �lter is driven by IMU measurements at 500 Hzand estimates the states
(p; v ; q) where p 2 R3 is the vehicle's position, v 2 R3 is its velocity, and q 2 S3 is the unit
quaternion transforming the vehicle's local coordinate frame into world coordinates. The system
inputs are the accelerometer and gyroscope measurements,am and ! m , respectively. The dynamics
are:

_p = v ; _v = q � am � g; _q = 1
2 
( ! m )q; (4.1)

where g is the gravity vector in world coordinates, 
( ! m ) is the quaternion multiplication matrix
of ! m as de�ned in [151], and� denotes quaternion-vector rotation. The motion-capture system
directly measuresp and q, resulting in a trivial measurement model.

Our EKF implementation follows the indirect error-state approach [151, 163], where IMU
measurements drive a dynamics integration and the �lter estimates the error and covariance of this
integration. This method avoids the problematic extra dimension when representing a 3-DOF unit
quaternion by four numbers. Whereas [151, 163] estimate accelerometer and gyroscope bias in the
EKF, we have found that these biases do not drift signi�cantly during the Crazy�ie's battery life.
During several six-minute test �ights we found the maximum drift of any axis of the accelerometer
to be 0:07 m s� 2 and the maximum drift of any axis of the gyroscope to be0:0018 rad s� 1. Therefore,
we measure biases on a level �oor at startup and subtract these measurements for the duration of
the �ight. We also omit higher-order dynamics approximation terms, as we have found their e�ect
unmeasurable in experiments.
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4.6. Planning

4.6 Planning

We select a set of onboard trajectory planning methods that require a small amount of information
exchange between the base station PC and the vehicles. Compared to architectures that evaluate
trajectories on a PC and transmit attitude and thrust controls at a high rate [94, 105], we shift
some planning e�ort onboard to reduce the needed radio bandwidth.

Quadcopter dynamics are di�erentially �at in the outputs y = ( p;  ), where  is the yaw angle
in world coordinates [103]. This means that the controls required to execute a trajectory in state
space are functions ofy and a �nite number of its time derivatives. We take advantage of this fact
and plan trajectories in y using functions that are at least four times di�erentiable.

4.6.1 Piecewise Polynomials

Piecewise polynomials are widely used to represent quadcopter trajectories. It is straightforward to
construct a piecewise polynomial that satis�es given waypoint and continuity constraints. For a
k-dimensional,q-piece,d-degree polynomial, thek �q� (d+1) polynomial coe�cients are concatenated
into a single row vector c. Waypoint and continuity constraints are then expressed as linear systems:

cT w = w; cT c = 0; (4.2)

where w is a concatenated vector of waypoint values in bothy and its derivatives, and T w and T c

are both simple banded matrices obtained from the time values of the piece breaks. Constructions
of T w , T c, and w are detailed in [68].

With a suitably high polynomial degree, the combined system Eq. (4.2) is underdetermined. The
left null space of the system matrix thus provides a space for optimizing the trajectory for objectives
such as min-risk [109] or observability [68] while implicitly satisfying the waypoint and continuity
constraints. Additional constraints, such as thrust or angular velocity limits, are expressed as
nonlinear inequalities in a general-purpose nonlinear optimization solver.

Our framework supports piecewise polynomials uploaded from the base station or built into the
�rmware image.

4.6.2 Online Single-Piece Polynomials

For short trajectories, a single polynomial can be su�cient. We implement an online single-piece
polynomial planner for tasks such as vertical takeo�/landing and linear movement between hover
points. This planner computes a closed-form solution for a degree-7 polynomial starting at the
current state in (p; v ; •p;  ; _ ) and ending at a desired state in the same variables. For linear
movements, we restrict

...
p = 0 and • =

...
 = 0 , which results in a closed-form solution for the

polynomial coe�cients.

4.6.3 Ellipses

Elliptical motion is useful for demonstrations because it can generate a range of visually appealing
behaviors from few parameters. Ellipses are parameterized by their center, axes, period, and phase,
and are in�nitely di�erentiable, so the di�erentially �at transformation applies.

Commanding a quadcopter to switch from hovering to elliptical motion produces a large step
change in the controller setpoint, potentially causing instability. Our system overcomes this issue by
using the single-piece polynomial planner to plan a trajectory that smoothly accelerates into the
ellipse, iteratively replanning with longer time horizons until it achieves a trajectory that respects
the vehicle's dynamic limits. The procedure is general and can be used to plan a smooth start from
hover for any periodic trajectory.
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4.7. Communication

Table 4.1: Consecutive packets dropped (see text for details.)

Delay 0 1 2 3 4 5+

3 ms 54458 2 280 1174 0 0
10 ms 51755 4111 4 1 0 0

4.6.4 Interactive Avoid-Obstacle Mode

The planners discussed so far can follow prede�ned paths, but are not suitable for dynamically
changing environments. For the case of a single, moving obstacle at a known location, such as a
human, we use a specialized avoid-obstacle mode. The planner is fully distributed and only needs
to know the quadcopter's position p, its assigned home positionphome , and the obstacle's position
pobst . Let d be the vector between the current position and the obstacle to avoid:

d = p � pobst ; � = kdk2: (4.3)

The new desired positionpdes can be computed as a weighted displacement from the home position,
where we move further away if the obstacle is close:

pdes = phome + max
�

f
� + � 2 ; � max

�
d
�

; (4.4)

where f is a scalar gain and� max limits displacement, preventing collisions when appropriately
small relative to the robot spacing. This is similar to a potential �eld approach. The attraction
to the home position is encoded in Eq. (4.4) by displacing fromphome rather than p. Instead of
using the computedpdes directly as control input, we compute a smooth trajectory with bounded
velocity and acceleration.

4.7 Communication

We use two di�erent kinds of communication: request-response and broadcasting. Request-response
is primarily used for con�guration while the Crazy�ie is still on the ground. This includes uploading
a trajectory, changing �ight parameters such as controller gains, and assigning each Crazy�ie to
a group. Broadcasting is used during the �ight to minimize latency for position feedback, and to
achieve synchronized behavior for taking o�, landing, starting a trajectory, etc. Broadcast commands
can be restricted to subsets of the swarm by including a group ID number.

Our communication does not use a standard transport layer and hence, we need to handle
sporadic packet drops as part of our protocol. In order to achieve low latency, we do not aim for
guaranteed packet delivery, but rather for a high probability of reliable communication. In our
protocol, all commands are idempotent, so they can be received multiple times without any side
e�ects. This allows us to repeat request-response commands until acknowledged or until a timeout
occurs. Swarm-coordination commands, such as taking o�, do not wait for an acknowledgment but
are repeated several times for a high probability that all Crazy�ies receive the command. Since
external pose estimates are send at a high �xed rate every10 ms, there is no need to explicitly
repeat such messages.

Empirically, for repeated commands, the likelihood of packet loss depends on the rate at which
the command is repeated. We show this e�ect in Table 4.1. We count the number of consecutive
packets dropped from 0 (no packet dropped) to 5+ (5 or more consecutive packets dropped) for
10000 packets sent to six Crazy�ies. The results show that repeating messages 5 times every3 ms
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4.8. Control

for swarm coordination commands is likely to reach all Crazy�ies. Furthermore, it is very unlikely
to drop more than �ve consecutive position updates, which is su�cient for stable control.

For 49 vehicles we use three radios, with each vehicle permanently assigned to one radio. We
broadcast positionsp as 24-bit �xed-point numbers and compress quaternionsq into 32 bits by
transmitting the smallest three values in reduced precision and reconstructing the largest value
from the unit quaternion property kqk2 = 1 . Compression allows us to �t two position updates in
one 32-byte radio packet without degrading the measurements beyond their inherent noise level.
Furthermore, we transmit two such radio packets per USB request to the Crazyradio PA, allowing
us to broadcast the pose of up to four Crazy�ies per USB request.

4.8 Control

Our controller is based on the nonlinear position controller of [103], augmented with integral terms
for position and yaw error. The control input is the current state (p; v ; q; ! m ) and the setpoint in
position pdes , velocity vdes , acceleration •pdes , yaw  des , and angular velocity ! des .

The controller is a cascaded design with an outer loop for position and an inner loop for attitude.
Both loops implement PID feedback terms; the outer position loop adds feedforward terms from the
trajectory plan. We de�ne position and velocity errors as

ep = pdes � p; ev = vdes � v

respectively, and compute the desired force vector as follows:

Fdes = K pep + K i

Z t

0
epdt + K v ev + mg + m•pdes ; (4.5)

where K p; K i ; and K v are positive diagonal gain matrices.
The desired body rotation matrix Rdes is a function of Fdes and  des . The orientation error is

computed as

eo =
1
2

�
RT Rdes � RT

desR
� _

;

where R is the matrix form of the attitude quaternion q and (�)_ is the vee operator mapping
SO(3) ! R3. The desired moments are then computed with another PID controller:

M des = K oeo + K m

Z t

0
eodt + K ! (! des � ! ) (4.6)

with positive diagonal gain matrices K o, K m , and K ! . A simple linear transformation can compute
the desired squared rotor speeds fromM des and the projection of Fdes to the body z axis, as shown
in [103].

This controller is identical to the one presented in [103] except for the added integral terms.
The position error integral in Eq. (4.5) compensates for battery voltage drop over time (z-part)
and unbalanced center of mass due to asymmetries (x; y-parts). From the attitude error integral in
Eq. (4.6), we only use thez-component, which compensates for inaccuracies in yaw due to uneven
wear on propellers and motors. Manual trimming and part replacement can compensate for such
issues on a single vehicle, but is not feasible on a large �eet.

4.9 Software Tools

Many routine tasks become non-trivial when working with 49 robots. We have developed command-
line tools for mass rebooting, �rmware updates, �rmware version query, and battery voltage checks
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4.10. Experiments

over the radio. A power-save mode turns o� the main microcontroller and LED ring while leaving
the radio active, permitting powering on the Crazy�ie remotely. We can execute such commands
and disable or enable subsets of the swarm using a graphical user interface. A Python scripting
layer supports development of complex multi-stage formation �ight plans.

Our decision to perform signi�cant computation onboard complicates in-�ight debugging due
to constrained radio telemetry bandwidth and limited permanent storage for logs. To ease this
problem, we structure major onboard procedures as platform-independent modules. We use the
SWIGpackage to generate Python bindings to these modules, allowing �rmware-in-the-loop testing
in simulation via Python scripts.

4.10 Experiments

Our experiments quantify system performance and demonstrate the overall capabilities of our
architecture. All experiments are conducted in a6 m � 6 m � 3 m motion-capture space using a
Vicon Vantage system with 24 cameras.Vicon Tracker obtains the marker point clouds on a
PC with Windows 7, Xeon E5-26302:2 GHz, and 16 GB RAM. Our software is written in C++
using ROS Kinetic for visualization and scripting and is running on a PC with Ubuntu 16.04, Xeon
E5-26302:2 GHz, and 32 GB RAM. To reduce latency, we do not use any ROS messages in the
critical path between receiving data from the motion-capture system and broadcasting estimated
poses to the Crazy�ies. Sample �ight videos are available athttp://youtu.be/D0CrjoYDt9w .

4.10.1 Latency

The total time delay between physical movement and arrival of the corresponding position feedback
message to the �rmware signi�cantly a�ects overall system performance [94]. Latency increases
with swarm size due to both computational and communication overhead. We estimate the latency
in two ways: �rst, we use the Vicon DataStream SDKto query an estimate of the motion-capture
system latency, and instrument our code to estimate the runtime of our own software components.
Second, we verify those numbers in the physical setup by inducing a sudden change in yaw to the
Crazy�ie. The delay between the immediate onboard IMU response and the corresponding change
in external position measurement captures the full system latency. We read these values in real
time via a JTAG debug adapter.

The estimated latencies from the base station software are shown in Fig. 4.3. The latency
grows roughly linearly with the number of objects to track, with the largest portion caused by the
motion-capture system (up to 14 msfor the 49-robot case). Object tracking and communication
using the Crazyradio is done in separate threads, reducing the overall runtime. The communication
latency increases in increments of four added Crazy�ies per radio because of our compression
algorithm (see Section 4.7.) Estimated total latency ranges from8 ms to 23 ms.

The physical measurements show that the actual latency is a �xed3 mslonger than the estimated
numbers, resulting in an actual latency of26 msfor the full 49-vehicle swarm.

4.10.2 Tracking performance

We estimate the tracking performance by integrating the overall Euclidean position error for a �ight,
excluding takeo� and landing. The �ight path for each Crazy�ie is a �gure-8 repeated three times,
with 0:76 m s� 1 average speed and1:5 m s� 1 maximum speed. This trajectory is moderately fast for
a small quadcopter, reaching a maximum roll angle of20 deg. We try di�erent square swarm sizes,
ranging from 1 to 7 � 7, in a grid layout with 0:5 m spacing, �ying at the same height. This tight
formation causes additional aerodynamic disturbances, which a�ect the controller performance.
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Figure 4.3: Software-estimated latency for di�erent swarm sizes, averaged over 2000 mea-
surements. The actual latency is 3 ms higher in all cases. The latency grows linearly with
the swarm size and the largest portion is due to the motion-capture system.
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Figure 4.4: Measured tracking performance for di�erent swarm sizes, averaged over the
swarm and duration of the �ight. The error bars show the standard deviation. The perfor-
mance decreases in bigger swarms because of the additional aerodynamic e�ects between the
quadcopters.

Table 4.2: Hover position error as a function of position update rate.

Position Rate [Hz] 100 10 5 3:�3 2.5 2
Avg. Tracking Error [cm] 0.58 0.68 0.91 1.48 1.95 2.18

Our average error is shown in Fig. 4.4. The error is below2 cm per quadcopter even when the
whole swarm is �ying. However, the attitude controller starts to oscillate more to compensate for
the additional air�ow.

4.10.3 E�ect of Position Update Rate on Hover Stability

We quantify the e�ect of position update rate on stability by varying the update rate from the
maximal 100 Hz down to 2 Hz and measuring the mean Euclidean position error at hover state.
Results are shown in Table 4.2. The range between100 Hzand 10 Hz shows virtually no change. At
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4.10. Experiments

Figure 4.5: Forty-nine Crazy�ies �ying in a 4-layer rotating pyramid formation. The bottom
layer is 3 m � 3 m with 0:5 m spacing between vehicles.

2 Hz, the system is still stable but shows signi�cant oscillations. This demonstrates our system's
robustness against communication loss during operation.

4.10.4 Coordinated Formation Flight

To demonstrate our scripting layer, we use a formation of 49 Crazy�ies �ying in a rotating pyramid
as shown in Fig. 4.5. The Crazy�ies are initially placed in a 7 � 7 grid with 0:5 m spacing. The
takeo� is done in four di�erent layers, with the user triggering the next action using a joystick or
keyboard. The script initially assigns each Crazy�ie a group number, according to its layer, and
uploads the parameters for its ellipse to execute later. Because of the grouping, the takeo� of a
whole layer can be achieved at the same time with broadcast messages. After all Crazy�ies are in
the air, the online planner plans a trajectory to smoothly enter the ellipse. The user can decide
when to end the rotation, which causes another replanning onboard to reach a hover state above
the initial takeo� location. Finally, landing is done using the same groups, minimizing aerodynamic
disturbances during landing.

4.10.5 Swarm Interaction

A human operator is holding (or wearing) an object with motion-capture markers. We track the
position of that object and broadcast its position alongside the positions of all quadcopters over the
radio. Using the onboard planner described in Section 4.6.4, each Crazy�ie computes its desired
position, which avoids collisions with the obstacle or other quadcopters.
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4.11. Remarks

4.11 Remarks

We describe a system architecture for robust, synchronized, dynamic control of a large indoor
quadcopter swarm. Our system fully utilizes the vehicles' onboard computation, allowing for
robustness against unreliable communication and a rich set of trajectory planning methods requiring
little radio bandwidth. Tests show good scalability for both latency and tracking performance with
respect to the swarm size. For a swarm of 49 vehicles, only 3 radios are required and a latency below
30 msis obtained, allowing moderately aggressive �ight maneuvers using onboard state estimation
with mean tracking errors below 2 cm. Our full source code, including tuned parameters such as
EKF variances and controller gains, is available online1. We also maintain documentation, including
setup instructions2.

The Crazyswarm has been used in this work to verify motion planning algorithms (see Chapter 8)
and by several other universities and research groups. Most of our custom �rmware changes have
been merged into the o�cial �rmware that is maintained by Bitcraze AB. Other extensions include
support for custom UAVs (based on the Crazy�ie control board, developed as part of the work
presented in Chapter 9), and support for other motion-capture systems including PhaseSpace,
OptiTrack, and Qualisys (mostly developed by users).

1https://github.com/USC-ACTLab/crazyswarm
2https://crazyswarm.readthedocs.io
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CHAPTER 5
Mixed Reality

When robots operate in shared environments with humans, they are expected to behave predictably,
operate safely, and complete the task even with the uncertainty inherent with human interaction.
Preparing such a system for deployment often requires testing the robots in an environment shared
with humans in order to resolve any unanticipated robot behaviors or reactions, which could be
potentially dangerous to the human. In the case of a multi-robot system, uncertainty compounds and
opportunities for error multiply, increasing the need for exhaustive testing in the shared environment
but at the same time increasing the possibility of harm to both the robots and the human. Finally, as
the number of components of the system (humans, robots, etc.) increases, controlling and debugging
the system becomes more di�cult.

Allowing system components to operate in a combination of physical and virtual environments
can provide a safer and simpler way to test these interactions, not only by separating the system
components, but also by allowing a gradual transition of the system components into shared physical
environments. Such aMixed Reality platform is a powerful testing tool that can address these issues
and has been used to varying degrees in robotics and other �elds. In this chapter, we introduce
Mixed Reality as a tool for multi-robot research and discuss the necessary components for e�ective
use. We will demonstrate four practical applications using di�erent simulators to showcase the
bene�ts of the Mixed Reality approach to simulation and development.

In this chapter, we establish Mixed Reality as a tool for research in robotics. To that end, we
rede�ne Mixed Reality, and identify and describe the bene�ts of using Mixed Reality in robotics
and multi-robot systems. We present novel use-cases which show the capabilities and bene�ts of
Mixed Reality.

This chapter is based on:

ˆ Wolfgang Hönig , Christina Milanes, Lisa Scaria, Thai Phan, Mark T. Bolas, and Nora Ayanian. �Mixed
reality for robotics�. In: IEEE/RSJ International Conference on Intelligent Robots and Systems (IROS) . 2015,
pp. 5382�5387. doi : 10.1109/IROS.2015.7354138

ˆ Thai Phan, Wolfgang Hönig , and Nora Ayanian. �Mixed Reality Collaboration Between Human-Agent
Teams�. In: IEEE Conference on Virtual Reality and 3D User Interfaces, (VR) . 2018, pp. 659�660. doi :
10.1109/VR.2018.8446542
Thai Phan was an Industrial Design Engineer. He implemented the path planning, communication, and virtual
environment described in Section 5.4.4. I implemented support for the Crazy�ie quadrotors. Experiments were
executed jointly.
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5.1. Related Work

5.1 Related Work

While we will re�ne this de�nition in the following section, the �rst published de�nition of Mixed
Reality (MR) was given by Milgram and Kishino as the merging of physical and virtual worlds [106].
In their de�nition, Augmented Reality (AR) and Augmented Virtuality (AV) are seen as special
instances of MR. In Augmented Reality, virtual objects are projected onto the physical environment,
while in Augmented Virtuality, physical objects are incorporated into a virtual environment.

AR and AV have been used to help overcome challenges faced in implementing robotic systems.
AR systems have been implemented in the form of a video overlay feed for a multi-robot system to
display state information and internal data [56, 92]. With the addition of an overhead camera to do
tracking, the pose of the physical robots can be incorporated into a virtual environment. Such a
system has been suggested for educational purposes or to simplify debugging between simulation
and practical experiments [55].

An implementation closer to a true MR approach merges virtual and physical sensor readings,
allowing a robot to sense physical and virtual objects at the same time [30]. This approach allows
testing a physical robot in unknown environments and simpli�es the addition of obstacles.

Another unique usage of MR is in robot teleoperation. Freund and Rossman report a system that
allows a human operator to manipulate objects in a virtual environment, which are then translated
and executed by a robot in a physical environment [54]. Another teleoperation system enables
head-coupled virtual reality viewing [19]. Similarly, it is possible to use a MR approach for so called
tele-immersive environments. Such a setup allows humans to collaborate even if they are in di�erent
physical spaces [176]. While this previous work discusses human-human interaction only, we will
show that it is bene�cial to extend this use-case speci�cally to include robots.

In Milgram and Kishino's broad de�nition of Mixed Reality, anything containing pure or virtual
elements may be considered as MR. Prior work in MR focuses on solving speci�c subproblems by
incorporating physical or virtual components to enhance a singular physical or virtual workspace. We
propose instead that a Mixed Reality system should allow bidirectional feedback between multiple
virtual and/or physical environments. This would allow combining the advantages of both virtual
and physical environments in a real-time setting. By presenting several use-cases of an MR work�ow,
we will show the usefulness of such complete framework in robotics research.

5.2 Mixed Reality Components

Mixed Reality creates a space in which both physical and virtual elements co-exist, allowing for easy
interaction between the two. Rather than one space being secondary to another (like in Augmented
Reality and Augmented Virtuality), our take on MR blurs the boundaries between environments,
creating one larger space where components from both worlds can communicate in real-time. This
enables elements in one world to react directly to what is happening in another via direct data
communication as opposed to a recon�guration or modi�cation of existing components.

MR is often known by its applications in virtual reality. However, MR can be particularly useful
in robotics applications, as it creates a platform that allows for �exible development and testing
of control algorithms. Since users can select which elements are physical and which are virtual, a
number of di�erent experiments can be performed based on various constraints and environments.

We tighten Milgram and Kishino's broad de�nition of MR by specifying its properties and
components. Following the de�nition of Augmented Reality by Azuma et al. [10], we de�ne aMixed
Reality system as one that:

ˆ combines physical objects in at least one physical environment and virtual objects in at least
one virtual environment;

ˆ runs interactively (often called real-time); and
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5.2. Mixed Reality Components

Env. 1 Env. 2

Object1
1

Env. N

Object1
2 Object1
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Subobject22
Object3
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Object4
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Figure 5.1: Mixed Reality merges di�erent environments (physical and virtual). The environ-
ments and their objects are aligned with each other. In this case, Object 1 is at least partially
available in three environments, e.g. the physical world and two virtual worlds. Environment
2 enhances Object 1 by adding a subobject (Subobject 2

2 , e.g. a sensor). Object 3 and Object 4

are visible in their respective environments only.

ˆ spatially maps physical and virtual objects to each other.

The relationship between objects can be shown schematically with the general form given in Fig. 5.1.
We will use this schema to describe our applications. Lines symbolize links between objects in the
di�erent environments.

Note that the combination of objects can be in any of the two types of environments (physical
or virtual) or both. Additionally, there is no restriction on the number of physical or virtual
environments; for example, it is possible to bring together physical objects in distinct locations or
to use several di�erent virtual environments.

5.2.1 Physical Environment

The physical world in a MR space includes people, robots, sensors, obstacles, and other objects.
Those objects are able to interact with each other and with elements from the virtual environment.
The environments themselves can be protected, closed environments to accommodate physical
elements that pose a safety hazard, or allow for the installation of special equipment (such as a
motion-capture system) necessary to complete the physical-to-virtual communication link. Because
of the direct communication of data between the physical and virtual environments, no changes or
adjustments to physical-world components (e.g. the robot's camera and sensors) need to be made.

5.2.2 Virtual Environment

The virtual environment of a MR system can help overcome limitations of the physical environment
and can be created using a variety of existing software such as robotic simulators or 3D game
engines. Like the physical environment, the virtual environment can include robots and sensors. In
addition, simulations of more complex objects are possible. Because MR makes direct interaction
between the virtual and physical worlds possible, there is much �exibility on which elements exist
in the physical world and which can exist in the virtual world. Components can be chosen to be
physical or virtual based on user needs and convenience.

5.2.3 Physical-Virtual Interaction

The de�ning feature of MR is its ability to allow for direct interaction between physical and
virtual environments as well as multiple physical environments in di�erent locations. Achieving full
interaction requires communication and synchronization between environments.
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5.3. Bene�ts of Mixed Reality

5.2.3.1 Physical To Virtual

An isotropic mapping function can be used to map physical environments to the virtual ones. This
might be any homeomorphism, such as scaling. This requires knowledge of the pose of all physical
objects, thus external localization or self-localization is needed.

5.2.3.2 Virtual To Physical

Synchronizing the virtual environments to the physical ones is useful to show the state of the virtual
world in the physical environment. Additionally, it can be used to map invisible virtual entities,
such as a virtual goal location, to a physical environment. In practice, this is much easier to realize
than physical-to-virtual mapping, because the full pose information is already known.

5.3 Bene�ts of Mixed Reality

The interactive nature between di�erent environments gives MR several advantages over AR or AV,
including but not limited to the following.

Spatial �exibility. Interaction between physical and virtual environments in MR allows experi-
ments with robots to be performed remotely. This can expand collaboration between groups,
as they are no longer limited by geographic constraints and can meet in a centralized virtual
environment. Spatial �exibility also enables implementing scaled environments. A small
physical environment can represent a large virtual one by using scaled coordinate transforma-
tion. Similarly, smaller robots might be used instead of larger ones. In combination with a
motion-capture system, this approach can reduce the overall cost of the experiment.

Elimination of safety risks. With MR, safety issues typically associated with human-robot in-
teraction can be resolved by separating them into distinct physical or virtual environments.
In MR, physical robots can interact with virtual humans or physical humans in a di�erent
physical environment, eliminating concerns for human safety when errors occur. This can
also be applied to experiments involving potentially dangerous interactions between robots.
Because it allows interaction between multiple physical and virtual environments, MR creates
a safer, lower-risk experiment space.

Simpli�cation of debugging. The shared physical and virtual MR space reduces the gap between
simulation and implementation. MR's virtual aspect allows for visualization of various states
of the robots (e.g. �eld of view and planned path) so errors can be caught earlier. MR creates
an enriched environment where all physical and virtual data interact directly in real-time; no
further computation or calculation is necessary. This expedites and simpli�es debugging.

Unconstrained additions to robots. A MR environment allows adding or changing virtual
features of robots that may be too costly, time-consuming, or impossible in reality. For
instance, one can add a virtual camera to a robot that is too small to carry one.

Scaling up swarms. Finally, MR simpli�es experiments on robot swarms. Full interaction between
the physical and virtual environments means most of the swarm can be simulated, as it may
be su�cient for experiments to be performed on only a handful of real robots. This allows
practical testing of swarm algorithms even if �nancial or spatial restrictions constrain the
number of physical robots.
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5.4. Demonstrations
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Figure 5.2: Two virtual humans simulated by SmartBody are followed by two quadcopters.
The quadcopters are �ying in a motion-capture area and are synchronized with their virtual
counterparts. This allows us to safely test algorithms while taking quadcopter dynamics into
account.

5.4 Demonstrations

In the following we present several representative examples of using Mixed Reality in robotics
research. In our demonstrations we use the Crazy�ie 2.0, see Section 4.2 for a description of the
platform.

Small size and low price (180 USD) make the Crazy�ie an attractive option for research on
multi-robot coordination. However, it has several limitations. Payload is limited to 15 g, which
restricts sensors that can be added. The size also causes the Crazy�ie to be more sensitive to
external forces such as wind. Onboard processing abilities are also limited compared to larger
research grade quadcopters such as the AscTec Hummingbird. These limitations make the Crazy�ie
a good candidate for algorithm prototyping in Mixed Reality.

Each of the following subsections will describe a practical use-case of Mixed Reality along with
technical details on how to reproduce similar results. A video of the experiments is available at
http://youtu.be/px9iHkA0nOI . To demonstrate the versatility of the approach, we use three
di�erent virtual environments: Unity 3D , v-rep , and Gazebo .

5.4.1 Human-Following UAVs

In this demonstration, we aim to develop a team of UAVs capable of following humans. Since
human motion is complex and unpredictable, and UAVs are highly dynamic systems, the typical
coarse-detail simulation is not expected to be very accurate. While pure simulation is a valuable
tool as a proof of concept, new issues are often encountered when moving from simulation to
reality. These issues may pose safety risks for humans sharing the environment with the robots.
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5.4. Demonstrations

Mixed Reality can add an intermediate step between simulation and practice. Note that while
this demonstration uses virtual humans, it can also be applied to humans acting in a separate
motion-capture space.

5.4.1.1 Technical Details

Typical robot simulators either do not support simulating humans (e.g. Gazebo 2), or use a very
simpli�ed model (e.g. v-rep ). We use the game engineUnity 3D (4.6.2 Free Edition) 1, combined
with the Virtual Human Toolkit [65] to simulate humans. This toolkit includes SmartBody [50], a
character animation platform able to accurately simulate humans. The Behavioral Markup Language
(BML) can be used to describe complicated behaviors, such as locomotion (including steering),
lip-syncing, gazing, and object manipulation. SmartBody transforms those high-level descriptions
into animations in real-time.

The scene inUnity 3D contains two virtual humans and two quadcopters with forward-facing
virtual cameras in an outdoor setting. Humans are controlled bySmartBody to follow a prede�ned
path while obeying natural movement rules. To include more accurate quadcopter dynamics, we
use two Crazy�ies which �y in a space equipped with a 12-cameraVicon MX motion-capture
system. The robots' positions are tracked at100 Hz, and a Unity 3D script updates the position
of the virtual quadcopters using the VRPN protocol [72]. To demonstrate the versatility of the
approach, the virtual space is two times larger than the physical space (5 m � 6 m), allowing the
virtual humans to walk farther. Scaled coordinate transformations (1 : 2) between physical and
virtual spaces align the objects. A simple controller takes the known positions of the quadcopter
and the human to compute a goal position which keeps the human in the �eld of view. The Mixed
Reality schema, virtual environment, and setup in the physical world are shown in Fig. 5.2.

5.4.1.2 Discussion

When humans and robots share environments, reducing the gap between simulation and practice
can be crucial to ensure safety. For instance, the AscTec Hummingbird quadcopter can reach
speeds up to15 m=s. A crash at such high speeds can cause severe accidents, especially if the UAV
operates close to humans as in the discussed surveillance application. Even if an algorithm works
well in simulation, many added uncertainties in the physical world could put a human participant
at risk. The MR approach reduces those risks by adding intermediate steps between simulation
and realization. Additionally, MR allows the limited space of indoor motion-capture systems to
be overcome by using a smaller robotics platform with added virtual sensors and by introducing
scaling between the virtual and physical environments. For example, when outdoor UAV �ight is
restricted, outdoor components such as rocks, trees, or buildings can be fused with scaled indoor
motion-capture data in a virtual environment. Thus, MR enables re�ning an algorithm in a safe
and less restricted environment.

Similarly, it is possible to use actual humans in a separate physical environment rather than
using virtual humans, combining the physical environments in a virtual one using a simulator. Such
a multi-physical world approach provides safety and better approximation to reality compared to
virtual simulations. This method can be used for di�erent robots as well, improving collaboration
between researchers. Furthermore, the possibility of scaling between di�erent physical environments
allows interaction between entities of di�erent sizes.

5.4.2 Area Coverage using UAVs

For this demonstration, we are interested in testing an algorithm for a large swarm of robots
when enough robots are not available or space does not allow so many to be used. We use area

1Seehttp://unity3d.com
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5.4. Demonstrations
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Figure 5.3: A swarm of robots attempts to cover an area (outlined by the USC ACT letters).
The six robots on the left are synchronized to a physical Crazy�ie 2.0 swarm using a motion-
capture system. The four robots on the right are simulated in v-rep . All downward facing
cameras are virtual.

coverage with UAVs as the task with a simple centralized approach, where the goal position of each
quadrotor is directly computed from the known position of the target and a �xed translation. This
demonstration also conveys that the behavior of a physical robot swarm di�ers substantially from
that of a simulated swarm.

5.4.2.1 Technical Details

We �y six Crazy�ies in our motion-capture arena; their pose is sent to v-rep (3.2.0) [124] over
ros . v-rep simulates four additional quadcopters using the includedQuadricopter model and also
simulates the desired area to cover. The area changes over time, thus the updated target pose for
each quadcopter is computed by a child-script inv-rep based on the current area con�guration.
The target pose is visualized by red (physical robots) and green (simulated robots) spheres for each
quadcopter in the virtual environment. The motion-capture space is mapped directly to the virtual
environment (no scaling); the overall virtual space, however, is larger to accommodate the additional
quadcopters. Screenshots from the demonstration and the MR schema are shown in Fig. 5.3.

5.4.2.2 Discussion

This approach showcases splitting a swarm of robots into virtual and physical components, which
allows side-by-side comparison of the accuracy of simulation with real implementation.

For the given example, the physical quadcopters do not follow the target trajectory as smoothly as
the simulated ones shown in Fig. 5.4, due to the added uncertainties of a real-world implementation
and external forces such as air currents. Furthermore, connectivity issues and as a consequence
increased latency in the control algorithm cause additional instabilities which are not part of a
simulation. As a result, the physical quadcopters are unable to monitor their areas with the same
accuracy as the virtual quadcopters.
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5.4. Demonstrations

(a) Trajectory plot (b) RMS Error

Figure 5.4: Tracking performance of physical vs. virtual quadcopters. The six trajectories
on the left in (a) were created by Crazy�ies in the physical world, while the four on the
right are simulation results. The root mean square (RMS) error between planned and actual
position is much smaller for simulated quadcopters (b).

Since quadcopters are highly dynamic systems which are di�cult to accurately simulate, especially
as a team, this approach allows for motion comparisons between the quadcopters in the physical and
virtual environments. Data collected from such an experiment can be used to design a model for a
simulated quadcopter that is speci�c to the unique test environment the quadcopter will face. For
instance, in order to simulate a swarm of UAVs under strong wind conditions, a wind model would
be required. Tuning such parameters in an MR setting is simpler as the di�erence between model
and reality is clearly visible. Once the simulation matches the physical robots, a larger swarm can be
simulated by using both the physical robots and virtual robots using the newly tuned model, which
can save money and time. This also allows for swarm algorithms to be tested in a simulation that
more closely depicts the actual physical motions of a robot, prior to implementing the algorithms
on their real counterparts. A similar approach could be used to identify limits of the simulation, for
example by analyzing the behavior of UAVs �ying in close proximity to each other.

5.4.3 Object Moving with Limited Localization

In this demonstration, two robots without onboard vision must push a large box with the help of the
overhead quadcopter. In environments that are GPS-denied and not equipped with motion-capture
infrastructure, a camera-equipped UAV can be used to identify and track robots using special
markers (so-called AR tags) and vision processing (see [67]). Based on the locations of the robots
and the box, which are computed with vision processing from the overhead camera view, the robots
drive toward the box to move it. While this is a simple scenario, it demonstrates the capabilities of
the MR approach for testing vision-based approaches without having the required set of hardware.
It also shows an example of a step-by-step transition from pure simulation to MR.
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Figure 5.5: Two TurtleBots collaboratively move a box using the guidance of a physical UAV
with a virtual downward facing camera simulated with Gazebo (a). The pose of the robots
and the box are estimated using AR tag detection.

5.4.3.1 Technical Details

We implemented the scenario in simulation usingGazebo 2.2.3 [85] andros Indigo by incorporating
turtlebot , hector_quadrotor , and ar_track_alvar packages. After successful simulation, Mixed
Reality testing was performed in stages.

In the �rst stage, we replace the simulated quadcopter by a Crazy�ie in the physical environment,
while keeping the camera simulated byGazebo . Note that the 6 degree-of-freedom pose of the
quadcopter captured by a motion-capture system is used in positioning the virtual camera and thus
the camera angles are accurate. This allows analyzing the behavior of the algorithm while including
more realistic dynamics and external in�uences such as wind.

In the second stage, we replace the virtual TurtleBots with physical ones (TurtleBot 2) while
leaving the box in the virtual environment. The TurtleBots are localized using the external motion-
capture, however the control algorithm is based solely on the virtual camera image. This introduces
new uncertainties caused by the di�erences in the PID controller used, uneven �oor, and other
e�ects which are not considered in simulation. Similar to the previous demonstration, it is possible
to have one physical and one simulated TurtleBot to compare the di�erent behaviors side-by-side.

Finally, we introduce a physical box to include the additional forces created by the box movement.
Screenshots and MR schema of this particular experiment are shown in Fig. 5.5.

5.4.3.2 Discussion

This experiment shows how Mixed Reality can help reduce the gap between simulation and
implementation. The approach can be used to break the implementation into more controllable
stages, where it may be easier to analyze and isolate failures. For example, a staged approach can
be used to debug a particular issue by moving objects into a reproducible virtual environment and
thus isolate a component that causes a failure in the physical environment.
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5.4. Demonstrations

In software engineering, such virtualized objects, known as mock objects, play a crucial role in
development and testing [149]. In particular, moving physical objects to the virtual environment
solves the same problems as mock objects do in software engineering, such as introducing deterministic
behavior, improving execution time, or simplifying testing to isolate bugs.

5.4.4 Mixed Reality Collaboration between Human-Agent Teams

There is a need for a simulation testbed that allows multiple labs to conduct research cooperatively
without the transportation of specialized equipment and resources between locations. We combine
two ideas to simplify the collaboration of humans and physical entities, even when geographically
dispersed: synthetic prototyping and Mixed Reality. Early synthetic prototyping [138] demonstrated
that it is possible to use a game engine to play and interact with vehicle dynamics in a driving
simulator, without the support of additional physical entities. Here, we use an MR approach
that uses Unity 3D to construct a virtual environment that combines multiple physical locations
containing physically embodied entities such as humans and robots. Humans wear VR headsets to
perceive other physical and virtual entities. We demonstrate our approach in a collaborative scenario,
where humans, collocated in two physical locations, have to move through a narrow doorway. They
are followed by autonomous drones and all entities must avoid physical and virtual obstacles while
moving.

5.4.4.1 Technical Details

We consider two physical spaces, one with 2 users and 4 drones and the other with 1 user and 2
drones. One physical space has a physical door, while the other does not (see Fig. 5.6). Users in
both physical spaces wear a Samsung Gear VR headset and are in the same virtual environment
with the same door represented virtually. Each user has a pair of drones following in a simple line
formation. The virtual environment also contains virtual obstacles such as walls, human avatars,
and representations of the drones. As each user passes through the open door, the drones must
break formation in order to pass through also.

For motion tracking, one space uses PhaseSpace and the other usesVicon . The major system
components are outlined in Fig. 5.7. We useUnity 3D for the server and clients, for rendering,
path �nding, and state synchronization. We use the Crazyswarm stack (see Chapter 4) to control
the �ight of Bitcraze Crazy�ie 2.0 quadcopters. Each of the two locations uses a computer (base
station) running ROS (Robot Operating System). ROS BaseStation A commands 4 Crazy�ies while
BaseStation B commands 2 Crazy�ies. All VR headsets act as WirelessUnity 3D Clients which
connect to the the Unity 3D Server.

Network Design An intracampus WAN allows our two tracking volumes to connect to each
other with minimal number of hops. Unity 3D provides High Level (HLAPI) and Low Level
APIs (LLAPI) for networking, both of which are built on top of a transport layer, which uses UDP
packets2. We implement a server-client architecture using theUnity 3D game engine's High Level
API (HLAPI), because it provides the core network components necessary to allowUnity 3D clients
to relay data to each other through the Unity 3D server. One computer runs theUnity 3D Server
and Unity 3D Client A in a single process.Unity 3D Client A receives pose information of the
PhaseSpace motion-tracked users and drones on its local LAN. It also receives pose information of
all other users and drones via theUnity 3D Server. Unity 3D Client B receives pose information
of the Vicon motion-tracked users and drones on its LAN. It in turn receives pose information of
the PhaseSpace-tracked users and drones via theUnity 3D Server.

2Seehttps://docs.unity3d.com/Manual/UNetUsingTransport.html
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(a) Location A with physical door using
PhaseSpace tracking.

(b) Location B using Vicon tracking.

Figure 5.6: Photos of physical spaces.

Figure 5.7: System diagram. Location A has 2 humans and 4 drones, while location B
has 1 human and 2 drones. Humans and drones are tracked using PhaseSpace and Vicon ,
respectively, and their poses are shared with the Unity 3D Server.

The Wireless Unity 3D Clients only receive pose information for all users and drones in order
to render their correct placement inside the virtual environment. They do not transmit user data
or input to the Unity 3D Server. Both Unity 3D Client A and B process the pose information
locally. The Unity 3D Server itself does not process the pose information as it simply updates all
clients with the most current information.

For closed-loop control,Unity 3D Client A sends a new goal position for each drone (at a rate
of 10 Hz) via a Python TCP socket connection to ROS BaseStation A. Likewise,Unity 3D Client
B sends goal data to ROS BaseStation B. Both base stations communicate and command drones
via a custom RF radio on the 2:4 GHz band and not through 802.11 WiFi. WirelessUnity 3D
Clients communicate on IEEE 802.11ac to reduce congestion on the2:4 GHz band.

Motion Tracking All of the Gear VR headsets are out�tted with unique marker arrangements
for 6DoF tracking; using PhaseSpace active LED markers orVicon passive retro-re�ective markers.

The 4 drones tracked by PhaseSpace are modi�ed to carry a PhaseSpace microdriver with 2
tracking LEDs, drawing 3:7 V from the drone's battery. Unity 3D Client A only receives partial
pose data from these drones � their yaw and position.

The 2 drones tracked byVicon are out�tted with small spherical markers adhered directly to
the frame. The marker arrangements are unique, soUnity 3D Client B receives full 6DoF pose
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5.4. Demonstrations

Figure 5.8: Overhead view of 3 users and 6 agents in total, sharing the same virtual environ-
ment.

data. Unity 3D Client A uses the PhaseSpace SDK, whileUnity 3D Client B connects to Vicon 's
integrated VRPN server. Data is unbu�ered and only the most recent data is used.

Agent Navigation Unity 3D Clients A & B calculate the paths for the drones by representing
each one as an agent inside the virtual environment.Unity 3D 's navigation system uses the A*
search algorithm3. This provides suitable reactive planning to avoid collisions with users, obstacles,
and other agents. It also simpli�es the maneuvers of the drones for the purpose of �ying in close
proximity with humans, each having an invisible 0:5 m radius boundary against collisions.

Unity 3D generates a navigation mesh (NavMesh) for the environment in which paths for
agents will be calculated on a 2D plane. Paths change as dynamic obstacles such as users, the door,
and other agents cause obstructions. When an agent has no available path to reach a goal position,
the agent stops moving until an obstruction is moved or a new path becomes available.

Unity 3D Clients A & B will have identical local copies of the NavMesh, but will calculate paths
independent of each other. If one of the client's network connection is interrupted, the other client
will calculate paths using the most recent pose information reported by theUnity 3D server. No
client-side prediction is performed. Finally, invisible boundaries surrounding the virtual environment
prevent drones in both tracking volumes from �ying into untrackable areas.

Mixed Reality Design The physical door (2040 mm� 920 mm) is also tracked with PhaseSpace
markers (see Fig. 5.6). As the door opens and closes, its virtual representation moves accordingly.
One user wears a hand strap with PhaseSpace markers. When this user reaches for the doorknob,
others see his/her avatar reach accordingly inside the virtual environment. We are also using an
o�-the-shelf solution for inverse kinematics (by Root-Motion 4) to animate avatars as they locomote.
A screenshot of the virtual environment (as rendered in theUnity 3D Clients) is shown in Fig. 5.8.

The Wireless Unity 3D Clients run on Samsung Galaxy S7 phones. Each client renders a
stereoscopic view without distortion correction using a simpli�ed rendering pipeline to prevent the
phones from overheating. In order to give users improved spatial awareness, a HUD was designed to
present them with an overhead view of their surroundings, indicating the location of other agents
and users.

3Seehttps://docs.unity3d.com/Manual/nav-InnerWorkings.html
4Seehttp://root-motion.com/
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5.4.4.2 Discussion

We have shown that Unity 3D 's' multiplayer networking and AI architecture can facilitate mixed
reality collaboration between human-agent teams. Using our approach, a wide variety of physical
spaces can be interconnected for collaboration. Humans can work safely within their own physical
con�nes, while robots might operate in more hazardous environments. This also enables the testing
of heterogeneous human-agent teams. For example, UAVs might operate in a facility equipped to
simulate air turbulence, while anthropomorphic robots might operate in a mock disaster zone.

5.5 Remarks

Through discussion of its novel advantages and three compelling use-cases for the approach, we have
shown that Mixed Reality can provide many advantages for research and development in robotics.
Furthermore, as one speci�c example of MR, we discuss how to use small UAVs such as the Bitcraze
Crazy�ie 2.0 instead of bigger and more expensive quadcopters, with practical tips for how to use
di�erent robotics simulation tools with Mixed Reality.

Our demonstrations show that it is possible to use Mixed Reality with typical, well-known
robotics simulators as well as less familiar ones. More traditional robotics simulators such as
Gazebo or v-rep can be used to �rst simulate algorithms and then, using the same platform, test
intermediate steps using Mixed Reality. Unity 3D , combined with SmartBody , can be used to
accurately simulate humans, creating a safer intermediate step for testing algorithms for robots
in environments shared with humans without the typical risks. Furthermore, the Mixed Reality
approach allows for early discovery, isolation, and correction of potential implementation issues, such
as wireless communication dropouts. In addition, Mixed Reality enables experimenting with more
robots than available or physically capable, not only as pertaining to virtual swarms as we have
demonstrated, but also with physical robots in di�erent locations. This expands the possibility of
collaboration between di�erent labs with di�erent robotics hardware. Finally, Mixed Reality enables
relying on cheaper, or in the case of robot swarms, fewer robots for initial experiments by simulating
additional hardware, or sensors that cannot be easily installed on existing robot hardware.

Mixed Reality also permits a large amount of �exibility for testing environments. The choice of
which objects are physical and which are virtual can be made by the user based on the experiment's
needs. Additionally, it is easy to move physical objects to virtual ones and, given available hardware
(e.g., the correct robots), vice versa. The di�erent simulation platforms for virtual environments
have di�erent capabilities, which can be combined using multiple virtual environments.

While the Mixed Reality approach clearly has many advantages, it does have some limitations.
First, the linking of virtual and physical objects requires localization. This can be a self-localization
method such as SLAM, which requires in many cases a lot of sensors and onboard computation, or
external localization, such as a motion-capture system. Second, a partially simulated environment
does not have the same properties of an entirely physical environment; for example, virtual cameras
may not show distortion or be a�ected by lighting conditions, and physical robots that interact with
a virtual objects do not receive force feedback from the object. Therefore, as in pure simulation, a
successful Mixed Reality experiment does not guarantee a working system in the physical world.
The goal, however, is to add intermediate steps between pure simulation and full implementation.

In future work, issues related to scaling between virtual and physical environments should be
addressed. In our demonstrations we used nano quadcopters to simulate bigger ones. Although we
showed that this is more realistic compared to pure simulation, the behavior of the bigger drone
would be di�erent. For example, reaction to wind is highly dependent on the size of the UAV,
which is ampli�ed if scaling up between virtual and physical environments: while the scale allows
�ight in a smaller space, it also ampli�es the noise. Furthermore, certain control algorithms such as
trajectory following might require non-trivial changes (e.g., velocity adjustments) to accommodate
the change in scaling.
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5.5. Remarks

In summary, Mixed Reality testing is one step closer to accurate implementation of a robotic
system in the physical world, and can be an extremely valuable tool for research and development
in robotics, particularly for multi-robot systems or robots which share environments with humans.
We use Mixed Reality to verify our approach in Chapter 10.
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CHAPTER 6
Task and Path Planning for Agents

We now formally de�ne standard MAPF problems and brie�y describe commonly used AI solvers for
each of them. We then generalize those problems in two ways. First, we present MAPF with Optimal
Task Assignment (MAPF-TA) and e�cient solvers. Second, we present MAPF with generalized
con�icts (MAPF/C), which allow us to take the physical extent of robots into account and avoid
collisions on any roadmap. We also present theoretical hardness results and solvers for MAPF/C
that are based on solvers for the standard version.

6.1 Background

The standard problems rely on a undirected search graph representing the environmentGE = ( VE ; EE )
with unit-length edges1. The set of N agents isf 1; : : : ; N g. Let uj

t be the vertex that agent j is
planned to occupy at timestep t.

De�nition 6.1.1. A path pj = [ uj
0; : : : ; uj

T j ; uj
T j +1 ; : : :] for agent j is valid if and only if the

following conditions hold.

1. Every action is either a move action along an edge or a wait action, that is, for allt 2
f 0; 1; : : : ; T j � 1g, (uj

t ; uj
t +1 ) 2 EE or uj

t = uj
t +1 ; and

2. Agent j remains at a vertexgj , that is, there exists a minimum �nite T j such that, for each
t � T j , uj

t = gj .

De�nition 6.1.2. The output of a solver is adiscrete plan , which is a set of valid paths (one
path for each robot) such that the following conditions hold.

1. There is no vertex collision between any two agents, that is, for all timestepst and all agent
pairs j 6= k we haveuj

t 6= uk
t ; and

Parts of this chapter appeared in:

ˆ Wolfgang Hönig , Scott Kiesel, Andrew Tinka, Joseph W. Durham, and Nora Ayanian. �Con�ict-Based
Search with Optimal Task Assignment�. In: International Conference on Autonomous Agents and MultiAgent
Systems (AAMAS) . Software available at https : / / github .com/whoenig / libMultiRobotPlanning . 2018,
pp. 757�765. url : http://dl.acm.org/citation.cfm?id=3237495

ˆ Wolfgang Hönig , James A. Preiss, T. K. Satish Kumar, Gaurav S. Sukhatme, and Nora Ayanian. �Trajectory
Planning for Quadrotor Swarms�. In: IEEE Transactions on Robotics, Special Issue on Aerial Swarm Robotics
34.4 (2018), pp. 856�869. doi : 10.1109/TRO.2018.2853613

1Some MAPF solvers can work on directed graphs as well.
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6.1. Background

(a) Example environ-
ment.

(b) Undirected search
graph GE .

(c) Discrete output states.

Figure 6.1: Example of a labeled MAPF instance. A makespan and �ow time optimal solution
is f p1 = [ A; B; C; D; E ]; p2 = [ B; C; F; C; D ]g with makespan T = 4 and �ow time 8.

2. There is no edge collision between any two agents, that is, for all timestepst and all agent
pairs j 6= k, it is not the case that bothuj

t = uk
t +1 and uj

t +1 = uk
t .

De�nition 6.1.3. The makespan T = maxj T j of a discrete plan is the earliest timestep when all
agents have reached their goal vertices and remain there. In contrast, the�ow time

P
j T j of a

discrete plan is the sum of the individual travel times.

In the following, we will shorten the notation of a path using pj = [ uj
0; : : : ; uj

T ] instead of
pj = [ uj

0; : : : ; uj
T ; uj

T +1 ; : : :].

6.1.1 Labeled Multi-Agent Path Finding

The labeled MAPF problem can be described informally as follows. Given a graph with vertices,
each corresponding to locations, and edges, each connecting two di�erent vertices (that correspond
to passages between locations in which robots cannot pass each other), and a set of agents with
assigned start and goal vertices, �nd collision-free paths for the agents from their start to their goal
vertices (where the agents remain) that minimize the makespan or �ow time. At each timestep,
an agent can either wait at its current vertex or traverse a single edge. Two agents collide when
they are at the same vertex at the same timestep or traverse the same edge at the same timestep in
opposite directions.

We use the following de�nitions to formalize the labeled MAPF problem. The search graph is
GE = ( VE ; EE ), the start vertex of agent j is sj 2 VE , and its goal vertex is gj 2 VE .

De�nition 6.1.4. A discrete plan is labeled MAPF valid if and only if the following conditions
hold for all j :

1. Agent j starts at its start vertex, that is, uj
0 = sj ; and

2. Agent j ends at its goal vertex and remains there, that is, there exists a minimum �niteT j

such that, for eacht � T j , uj
t = gj .

A valid labeled MAPF plan might be optimized with respect to makespan or �ow time. An
example is shown in Fig. 6.1. Suboptimal solutions to the labeled MAPF problem can be found in
polynomial time [123, 86]. However, �nding an optimal solution is NP-hard [144, 180, 98], for all
common optimization objectives.

Two common approaches for solving labeled MAPF instances are variants of M* [157] and
Con�ict-Based Search (CBS) [131]. The core idea of M* is to plan for the robots individually
as much as possible. Whenever a con�ict occurs, the con�icting robots are joined together as
a meta-agent. In contrast, Con�ict-Based Search methods try to resolve con�icts one-by-one,
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6.1. Background

(a) Example environment. (b) Search graph GE .

Figure 6.2: Example of a multi-color MAPF instance with two groups. A makespan-optimal
solution for this instance is f p1 = [ A; B; F; G; H ]; p2 = [ E; F; G; H; I ]; p3 = [ F; G; H; C; D ]g and has
makespan T = 4 .

starting with a con�ict occurring at the earliest timestep. In both methods, the search might grow
exponentially in the worst case.

CBS has several extensions that allow solving instances with hundreds of robots quickly. Improved
CBS combines ideas from M* and CBS by merging multiple agents to meta-agents during the con�ict
resolution [20]. Enhanced CBS (ECBS) is a boundedw-suboptimal version that can approximate
optimal labeled MAPF plans with a factor of w [11]. Edges on the underlying roadmap can be
annotated with so-called highways that guide the robots and can help to �nd solutions much
quicker [34]. The highways can be provided by a user or learned automatically [35].

6.1.2 Unlabeled Multi-Agent Path Finding

If agents are interchangeable, it might be bene�cial to solve the task assignment and path planning
simultaneously.

Let sj 2 VE the start vertex for agent j and g1; : : : ; gN � V the set of goal vertices.

De�nition 6.1.5. A discrete plan is unlabeled MAPF valid if and only if the following conditions
hold for all j :

1. Agent j starts at its start vertex, that is, uj
0 = sj ; and

2. Agent j ends at a unique goal vertex and remains there, that is, there exists a minimum �nite
T j such that, for eacht � T j , uj

t = g� ( j ) where � is a permutation of 1; : : : ; N .

It is possible to �nd a makespan-optimal solution to a unlabeled MAPF problem by reducing it
to a max-�ow problem [178].

6.1.3 Multi-Color Multi-Agent Path Finding

Labeled and unlabeled MAPF can be generalized to the multi-color MAPF problem2. We are given
a team of agents partitioned into groups, where agents in the same group are interchangeable with
each other. A formation speci�es the locations occupied by each group without regard for which
agent in a group occupies which location meant for the group. In marching bands, for example, all
�ute players are interchangeable with each other in the sense that it does not matter which location
of the goal formation one of the �ute players occupies as long as it is meant for a �ute player. The
objective of multi-color MAPF is to �nd collision-free paths that move all agents from a given start
formation to a given goal formation, often minimizing makespan, see Fig. 6.2 for an example.

Labeled MAPF is a specialization of multi-color MAPF in which all groups have cardinality one
(that is, no agents are interchangeable with each other and thus every agent is assigned a speci�c

2This is also sometimes called the target-assignment and path-�nding problem (TAPF) [95].
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6.2. Multi-Agent Path Finding with Optimal Task Assignment

location in the goal formation). Similarly, unlabeled MAPF is a special case of multi-color MAPF
in which there exists only a single group. Solving a formation-change problem thus consists of two
parts, namely assigning each agent a unique location in the goal formation meant for its group
(called target assignment) and multi-agent path-�nding for the resulting target assignments.

The N agents are partitioned into R agent groupsf group1; group2 : : : groupR g, where groupi

consists ofRi agentsf a( i; 1) ; a( i; 2) ; : : : ; a( i;R i ) g that are interchangeable with each other � for a total
of N =

P R
i =1 Ri agents. Each agenta( i;j ) has a unique start location s( i;j ) 2 VE , and there areN

unique goal locations. The goal locations are split into disjoint sets; each groupgroupi has a set of
Ri unique goal locationsgi = f g( i; 1) ; g( i; 2) ; : : : ; g( i;R i ) g. A solution to a multi-color MAPF instance
consists of a target assignment that assigns each agent a unique goal location meant for the same
group (given by N one-to-one mappings from agents in a group to targets in the same group, one
for each group) and a valid path from its start location to its goal location that avoids collisions
with other agents.

De�nition 6.1.6. A discrete plan is multi-color MAPF valid if and only if the following
conditions hold for all (i; j ):

1. Agent a( i;j ) starts at its start vertex, that is, u( i;j )
0 = s( i;j ) ; and

2. Agent a( i;j ) ends at a goal vertex for its group and remains there, that is, there exists a
minimum �nite T ( i;j ) such that, for eacht � T ( i;j ) , u( i;j )

t 2 gi .

Multi-color MAPF can be solved optimally with respect to makespan using the con�ict-based
min-cost-�ow algorithm (CBM) [95].

6.2 Multi-Agent Path Finding with Optimal Task Assignment

We now generalize multi-color MAPF to allow arbitrary assignment matrices. We are motivated
by warehouse automation, where robots might be used to deliver shelves to pack stations [175]. In
this domain, robots can initially choose which shelf to pick, but then the shelf must be moved to a
speci�ed station. Thus, a robot's task is partially unlabeled (any shelf can be picked) and partially
labeled (the shelf needs to be delivered to a speci�ed goal) at the same time. The objective in this
domain is to minimize the idle time of human workers.

In the following, we extend Con�ict-Based Search (CBS) [131] (and some of its variants) to
simultaneously assign tasks and �nd paths for agents even for hybrid MAPF problem instances. Our
approach is conceptually similar to a method which combines task reassignment and path planning
in the M* framework [158]. However, our method works with an arbitrary assignment matrix not
requiring that the number of tasks and robots is identical, and shows better scalability to large
teams in particular when using our bounded suboptimal solver ECBS-TA.

Another hybrid solver is the Con�ict-Based Min-Cost-Flow (CBM) algorithm [95] that minimizes
the makespan, which does not map well to minimizing idle time, where the sum of all costs is a
better metric. We provide representative experimental results that demonstrate that our method,
called CBS-TA, outperforms the naive (yet frequently used) approach of solving task assignment
and path planning independently in dense environments. Finally, the CBS framework allows us to
extend our approach to ECBS, a bounded suboptimal MAPF solver. We introduce our bounded
suboptimal algorithm, ECBS-TA, and compare its solution quality and runtime to existing solutions.

6.2.1 Problem De�nition

There are N agents at di�erent start locations si 2 VE ; i 2 f 1; 2; : : : ; N g. The set of M potential
goal locations isf g1; : : : ; gM g. The binary N � M matrix A indicates whether an agent can be
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6.2. Multi-Agent Path Finding with Optimal Task Assignment

(a) Robot 2 must move into the alley tem-
porarily, resulting in a total cost of 8.

(b) Both robots can move along their di-
rect path without collision, resulting in a
total cost of 6.

Figure 6.3: Example where task assignment and path planning cannot be decoupled for the
optimal solution. Start positions are circles and goals are squares.

assigned to a speci�ed goal: the entryaij is 1 if agent i is allowed to reach goalgj and 0 otherwise.
A solution to a MAPF with Optimal Task Assignment (MAPF-TA) instance consists of a target
assignment that assigns each agent a unique goal location (given byN one-to-one mappings from
agents to targets) and a valid path from its start location to its goal location that avoids collisions
with other agents.

De�nition 6.2.1. A discrete plan is MAPF-TA valid if and only if the following conditions hold
for all i :

1. Agent ai starts at its start vertex, that is, ui
0 = si ;

2. Agent ai ends at one of its potential goal vertices and remains there, that is, there exists a
minimum �nite T i such that, for eacht � T i , ui

t 2 gj and aij = 1 3.

Here, we consider a solution optimal if the sum of individual path costs (SIC) is minimized. The
CBS framework requires that agents move in unit time steps. We want to optimize the total time
and therefore we minimize

P N
i =1 T i .

This problem de�nition is identical to the traditional MAPF problem with the exception that we
introduce the potential assignment matrix A. In case ofN = M and A being a permutation matrix
(i.e., A contains exactly one 1 in each row and column, and all other elements are 0), our problem
is identical to non-anonymous or labeled MAPF. In case ofN = M and A = 1, the problem is
identical to the anonymous or unlabeled MAPF case. Our formulation also allows cases where there
are more goals than agents, more agents than goals, or not all agents can reach all goals.

6.2.2 CBS-TA

A typical approach for task assignment and path planning is to separate them into two stages.
However, both problems are tightly coupled, and certain task assignments may result in fewer
collisions during path planning (see Fig. 6.3 for an example). To �nd an optimal solution, a naive
approach would be to generate all possible assignments and solve the path planning for each of those
assignments. However, there are

� M
N

�
assignments forN robots and M goals (assumingM � N ),

making this approach infeasible in practice. Instead, we generate an additional assignment on
demand once we know that this assignment needs to be considered for the optimal solution, similar
to an approach discussed for M* [158].

6.2.2.1 Algorithm

We start by brie�y describing Con�ict-Based Search (CBS), which we extend to incorporate task
assignment. CBS is a two-level search. The low-level constructs paths for each individual agent given
constraints provided by the high-level. The high-level �nds con�icts (in our case, collisions) and

3 If there is no assigned goal, we only require agent i to remain at some location eventually.
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resolves them at their earliest start time. Con�ict resolution works by adding two successor nodes
in the high-level search tree and introducing an additional constraint for each agent participating in
the con�ict at the lower level. CBS is complete and optimal with respect to the sum of the cost of
all agents [131].

Algorithm 6.1: high-level of CBS-TA
Input: Graph, start and goal locations, assignment matrix
Result: optimal path for each agent

1 R.constraints  ;
2 R.assignment �rstAssignment()
3 R.root  True
4 R.solution  �nd individual paths using low-level()
5 R.cost  SIC(R.solution)
6 insert R to OPEN
7 while OPEN not empty do
8 P  best node from OPEN // lowest solution cost
9 Validate the paths in P until a con�ict occurs.

10 if P has no con�ict then
11 return P.solution // P is goal

12 if P.root is True then
13 R  new node
14 R.constraints  ;
15 R.assignment nextAssignment()
16 R.root  True
17 R.solution  �nd individual paths using low-level()
18 R.cost  SIC(R.solution)
19 insert R to OPEN

20 Conf lict  (ai ; aj ; v; t) �rst con�ict in P
21 for agent ai in Conf lict do
22 Q  new node
23 Q.constraints  P.constraints + (ai ; s; t)
24 Q.assignment P.assignment
25 Q.root  False
26 Q.solution  P.solution
27 Update Q.solution by invoking low-level(ai )
28 Q.cost  SIC(Q.solution)
29 Insert Q to OPEN

For CBS-TA we only need to change the high-level search; see Algorithm 6.1. Lines that were
changed compared to CBS (Algorithm 1 in [130]) are highlighted. In CBS-TA, each high-level
node has two additional �elds: root describes if the current node is a root node andassignment
describes the current task assignment which is used during the low-level search. CBS builds a search
tree with a single root node. In comparison, CBS-TA creates a search forest, but expands new root
nodes only on demand. CBS-TA starts with a single root node which uses the best task assignment,
while ignoring possible con�icts between agents. Whenever a root node is expanded during the
search, we create another root node with the next best assignment.

By design, CBS-TA requires an e�cient way of computing the next-best assignment. It is
possible to enumerate theK best solutions in various domains, including task assignment [44]. We
base our method on existing algorithms [110, 29] but compute new solutions on demand, rather
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than a set of K solutions. Our notation is closely based on prior literature [29]. We compute a
lower bound of the cost for agenti to reach goalgj (if aij = 1 ) by computing the shortest path,
ignoring all other agents. A helper function assignment(C) computes an optimal assignment for a
given cost matrix C; this can be achieved, for example, by the Hungarian method [87] or �ow-based
approaches [2]. We introduce a new functionconstrainedAssignment (I; O; C ), where I is the set
of assignments that must be part of the solution,O is the set of assignments that cannot be part
of the solution, and C is the cost matrix. This function can be implemented as follows. First, we
compute another cost matrix C0 such that C0 is identical to C, except that we change the cost to0
for each entry in I and to in�nity for each entry in O. Second, we execute any optimal assignment
algorithm (e.g., the Hungarian Method) using C0. The pseudo code of our next-best assignment
functions are shown in Algorithm 6.2 and Algorithm 6.3.

Algorithm 6.2: �rstAssignment
Input: cost matrix C
Result: best assignment, initial ASG_OPEN

1 R  new node
2 R:O  ;
3 R:I  ;
4 R:solution = constrainedAssignment (R:I; R:O; C )
5 Insert R to ASG_OPEN
6 return R:solution

Algorithm 6.3: nextAssignment
Input: cost matrix C, ASG_OPEN
Result: next best assignment, updated ASG_OPEN

1 P  best node from ASG_OPEN // lowest solution cost
2 if P does not existthen
3 return No next assignment

4 for i  1 to N do
5 if i not part of P:I then
6 Q  new node
7 Q:O = P:O [ f P:solution [i ]g
8 Q:I = P:I [ f P:solution [j ] : j < i g
9 Q:solution = constrainedAssignment (Q:I; Q:O; C )

10 if Q:solution not empty then
11 Insert Q to ASG_OPEN

12 return solution of best node from ASG_OPEN

The central idea of the algorithm is to partition the solution space such that we forbid some
assignments and forcefully include others. It has been shown that such a partitioning covers the
complete solution space [110]. If the Hungarian Method is used andN = M , the complexity for
�nding the next solution is O(N 4).

6.2.2.2 Properties of CBS-TA

In the following we show that CBS-TA, like CBS, is complete and optimal with respect to sum-of-cost.

Theorem 6.2.1. CBS-TA is complete.
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(a) Environment

(b) G = ( V; E) (c) Assignment search tree

(d) CBS-TA search forest

Figure 6.4: Example execution of CBS-TA. The environment (a) can be represented as graph
(b) with some vertices being start and/or goal vertices. During the search, ASG_OPEN and
OPEN are incrementally updated. The former can be visualized as a tree (c), while the latter
forms a forest (d). See Section 6.2.2.3 for additional details.

Proof. It has been shown that CBS will return an optimal solution if one exists [131]. CBS-TA
performs a CBS search on each root node. Whenever a root node is expanded the next best possible
assignment is computed, until all possible assignments have been enumerated. Thus, the search is
exhaustive in both task assignment and path planning.

Theorem 6.2.2. CBS-TA computes a solution that minimizes the sum of individual costs of all
agents if one exists.

Proof. If the assignment is �xed, the cost of each root node in the high-level search is a lower
bound on the real cost (proof: Lemma 1, [131]). CBS-TA expands assignments in increasing cost
order, therefore all expanded high-level nodes are a lower bound on the optimal cost. During each
high-level search node expansion, the minimum cost either stays the same or increases because of
the best-�rst expansion order in the high-level search. A di�erent assignment can only be part
of the optimal solution if its lower cost bound is identical or smaller than the current minimum
cost in the high-level search. However, in this case this assignment was already added as new root
node, because a previous root node (as a lower bound for its �xed assignment) must have been
expanded.
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6.2.2.3 Example

The algorithm proceeds as follows. Consider an environment withN = 2 agents andM = 3 goals,
see Fig. 6.4a. The problem can be formulated on a graph (see Fig. 6.4b), with an assignment matrix

A =

c d e� �
1 0 1 1
2 1 0 1

:

Based onG and A, we can compute the cost matrixC by considering the shortest path for each
agent to the respective goal (ignoring all other agents):

C =

c d e� �
1 1 3 4
2 1 1 3

:

We labeled the di�erent steps in their respective orders in Fig. 6.4c and Fig. 6.4d. Using the cost
matrix C, the �rst assignment commits agent 1 to goald and agent 2 to goalc ([1 7! d;2 7! c]) with
cost 4. This creates an entry in the Assignment Open List (ASG_OPEN) (step 1) and a node in
OPEN (step 2).

The path validation �nds a con�ict between the two agents at time step 2 (Line 9). When
expanding a root node, we must also compute the next best assignment and add a new root
node (Lines 12 to 19). For the next best assignment, we compute two possible successors in the
assignment tree: the �rst one disallows the assignmentsO = f 1 7! dg while the second one disallows
O = f 2 7! cg and enforcesI = f 1 7! dg (Lines 4 to 11 in Algorithm 6.3; step 3). In general,
there might be up to N successors. The functionnextAssignment returns the lowest cost option
([1 7! e;2 7! c]). We compute the shortest path for each agent individually based on this assignment
and add it to the OPEN list (step 4).

We now try to resolve the �rst con�ict (1; 2; c;2), by adding additional nodes to the OPEN list
(Lines 21 to 29). Namely, we consider the case where agent 1 is constrained to not be at nodec at
time step 2 and the case where agent 2 cannot be at nodec at time step 2 (step 5).

In the next iteration we choose the second root node from the OPEN list (step 6)4. We need to
compute the next best assignment ([1 7! d;2 7! e]) and add an additional root node because the
node being expanded is a root node (steps 7 and 8). The currently selected node from OPEN has a
con�ict (node c at time step 2) and we need to attempt to resolve it by adding two additional child
nodes (step 9). Finally, we select the third root node from OPEN and return its solution because it
is con�ict free (step 10).

6.2.3 Extensions

We now show how CBS-TA can be extended to solve problem instances within a suboptimality
bound and how it can be applied to additional interesting MAPF variants.

6.2.3.1 ECBS-TA

Enhanced CBS (ECBS) is a bounded suboptimal solver for MAPF [11]. ECBS uses focal search in
both low- and high-level search algorithms. In focal search, a FOCAL list is maintained alongside
the OPEN list. The FOCAL list contains a subset of the entries in the OPEN list, such that the

4 We assume the FIFO principle as tie breaker in the OPEN list. An implementation could pick any of the nodes
with cost 5.
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(a) Success rate. (b) Average cost.

(c) Average runtime.

(d) Histogram for cost savings.

(e) Histogram for runtime savings.

Figure 6.5: Benchmark results comparing CBS-TA with task assignment followed by CBS
(TA+CBS) and ILP. (a)�(d) Each data point summarizes 100 randomly generated 8 � 8 4-
connected grids with random start and goal locations. CBS-TA has a higher success rate,
while achieving a lower average cost and runtime compared to TA+CBS. (e) and (f ): His-
tograms comparing cost and runtime savings (i.e., TA+CBS minus CBS-TA) for 5, 9, and 19
agents. For few agents, there is frequently no cost or runtime di�erence between TA+CBS
and CBS-TA, but a few outliers result in better average performance for CBS-TA. For many
agents, CBS-TA computes better results in most cases, with large runtime bene�ts in a few
cases.
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cost of the entries in FOCAL are within a constant factor w of the best cost in OPEN. The low-level
search of ECBS is changed in the following way compared to CBS: First, focal search (rather than
A*) is used with a second inadmissible heuristic that estimates the number of con�icts. This is used
to minimize the number of expected con�icts. Second, the lowestf -value of the low-level OPEN list
is returned, in addition to the solution path. On the high-level, a lower bound LB (n) is computed
for each noden as the sum of the minimum f -values (from the low-level search). The high-level
FOCAL list then only contains entries of the high-level OPEN list whose cost is less than or equal
to w min LB (n). As in the lower-level search, an inadmissible heuristic that counts the number of
expected con�icts is used for expansion. Keeping track of the lower bound through both search
levels allows ECBS to use a single suboptimality factorw.

In order to jointly optimize for task assignment and path planning in the ECBS framework, we
can use the same idea as for CBS-TA and generate a search forest with the root nodes referring to
di�erent assignments. However, the suboptimality bound w creates slack in the search, allowing us
to be more �exible on when to generate additional root nodes. We consider three variants:

MaxRoot Add as many root nodes as possibly useful for the givenw. In particular, we keep
track of the highest cost of the already expanded root nodes. If that cost is smaller than
w min LB (n), we add all additional root nodes whose cost is no larger thanw min LB (n).

CBS-TA-style Following the same logic as CBS-TA, we add one additional root node each time a
root node is expanded.

MinRoot Add as few root nodes as possible, without violating the suboptimality guarantee. In
particular, we initially set r = w min LB (n). We only add an additional root node if the
lowest-cost entry in the high-level OPEN list has a cost larger thanr . In this case, we compute
an additional assignment and updater .

The �rst variant (MaxRoot) can potentially compute low-cost solutions, even if high suboptimality
bounds are used. However, the approach is impractical for largeM and N , because there are too
many potential assignments. Therefore this method is not implemented. We empirically evaluate
CBS-TA-style and MinRoot on various instances, as described in Section 6.2.5.2.

6.2.4 Suboptimal Multi-Color MAPF

Our MAPF formulation permits agents to have a set of possible goals. One example of such a
problem is the multi-color MAPF problem, in which each agent is part of a group and a set of goals
is assigned to each group. Multi-color MAPF can be solved optimally with respect to the makespan
using the Con�ict-Based Min-Cost-Flow (CBM) algorithm [95], which uses a two-level search like
CBS. Compared to CBS, CBM uses a maximum �ow algorithm per group to �nd paths on the
low-level rather than using A* per agent. We can model multi-color MAPF problem instances by
setting N = M and matrix A according to the group assignment. CBS-TA can compute optimal
solutions with respect to the sum of costs, which can be more relevant in some scenarios (e.g.
minimizing the total energy usage of the team). It has been shown that makespan and sum of cost
cannot be simultaneously optimized [180]. Therefore, we need to consider our optimization objective
directly. ECBS-TA can be used to �nd bounded suboptimal solutions to such problem instances.
We present empirical results comparing CBM and ECBS-TA in Section 6.2.5.3.

6.2.5 Experiments

We implement CBS-TA and ECBS-TA in C++ using the boost library for fast heap data structures.
We use a minimum-cost maximum-�ow formulation that is part of the boost graph library to solve
unconstrained assignment problems e�ciently. All experiments were executed on a laptop (i7-4600U
2:1 GHz and 12 GB RAM).
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Table 6.1: Benchmark results comparing task assignment followed by ECBS with ECBS-TA
for di�erent suboptimality bounds w. Each data point averages 100 randomly generated
4-connected grids with random start and goal locations.

ECBS ECBS-TA (CBS-TA style) ECBS-TA (MinRoot)
Grid Size w Agents SuccessCost Runtime SuccessCost Runtime SuccessCost Runtime

8 � 8

1.0
5 1.00 18.7 0.00 1.00 18.2 0.00 1.00 18.2 0.00
9 0.96 24.3 0.01 1.00 22.2 0.01 1.00 22.2 0.01
19 0.56 34.3 1.30 0.98 27.2 0.31 0.98 27.2 0.32

1.1
5 1.00 18.7 0.00 1.00 18.3 0.00 1.00 18.4 0.00
9 0.97 24.5 0.17 1.00 22.7 0.00 1.00 22.9 0.01
19 0.56 34.6 0.93 0.99 28.9 0.10 0.99 29.3 0.11

1.3
5 1.00 18.8 0.00 1.00 18.7 0.00 1.00 18.9 0.00
9 1.00 25.6 0.01 1.00 24.5 0.00 1.00 25.4 0.01
19 0.68 37.9 1.16 1.00 32.8 0.05 0.89 34.5 0.44

32� 32

1.00
40 0.92 248 0.5 0.57 244 4.3 0.58 244 4.2
70 0.32 283 1.4 0.01 271 3.0 0.01 271 2.8
100 0.01 - - 0.00 - - 0.00 - -

1.05
40 0.95 264 0.4 0.99 262 0.5 0.95 263 0.7
70 0.45 352 1.7 0.52 350 5.5 0.40 351 1.6
100 0.04 359 2.5 0.03 359 16.8 0.04 359 1.6

1.10
40 0.99 268 0.2 1.00 267 0.3 0.99 269 0.1
70 0.84 371 0.6 0.82 369 2.6 0.80 371 0.5
100 0.33 417 2.6 0.27 417 15.3 0.29 418 2.3

6.2.5.1 CBS-TA

We use a set of benchmark instances to compare CBS-TA to other existing methods. We randomly
generated8 � 8 4-connected grids with 20% obstacles and with random start and goal locations,
such that it is guaranteed that there is at least one assignment where all agents can reach their
respective goals. We limit the computation time to 30 sand mark a trial as a failure if no solution
is found within the time limit. We vary the number of agents and report the success rate, average
cost, and average runtime over 100 randomly created examples per number of agents. For CBS-TA,
we use the shortest distance as heuristic in the low-level search.

TA+CBS versus CBS-TA We compare CBS-TA to task assignment followed by CBS (TA+CBS).
To ensure fair runtime comparison, we implement TA+CBS by executing the same CBS-TA im-
plementation with an arti�cial limit of a single root-node expansion. Our results (see Fig. 6.5)
show that the success rate of CBS-TA is higher compared to TA+CBS. For examples that were
successful with both algorithms, we compute the average cost and average runtime. CBS-TA
achieves a lower average cost in a shorter average time compared to TA+CBS. We analyze the
relative frequency of this e�ect by looking at individual histograms of the cost savings (that is
cost(TA+CBS) - cost(CBS-TA)) and runtime savings, comparing only examples that were successful
with both algorithms. With only 5 agents, over 80% of the test cases show no cost di�erence and
the runtime is identical in nearly all cases. With 19 agents, however, the cost improvement peaks
at an improvement of 7 (over 20% of the examples), while the runtime is identical in over 75%
of the cases. This shows, that CBS-TA is in particular bene�cial for dense cases, where the task
assignment and path planning are more tightly coupled. Additionally, CBS-TA does not seem to
require additional runtime, even for sparser examples.
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CBS-TA versus ILP Integer Linear Program (ILP) formulations have been used for the non-
anonymous MAPF problem with di�erent objectives, including minimizing makespan and sum-
of-cost [179]. The idea behind such formulations is to construct a time-expanded �ow graph and
formulate a multi-commodity �ow problem. We implement an ILP based on this idea assuming
M = N and a fully anonymous assignment. This is a challenge for CBS-TA (sinceN ! possible
assignments have to be considered), but easier for the ILP formulation because it can be framed
as a single commodity �ow. Such instances can be solved in polynomial time when optimizing for
makespan [98]. In order to be able to minimize for the sum-of-cost instead, we use the following
steps. First, we generate the time-expanded �ow graph and formulate an ILP, similar to [179], but
using a single commodity for all agents, rather than one commodity per agent. Second, we add
one additional auxiliary integer variable for each goal capturing the time until an agent reaches
and stays at that goal. Third, we set our optimization objective to minimize the sum of all such
auxiliary variables [98].

We use Gurobi 7.5 as ILP solver [62]. In order to solve an instance, we need an upper bound
of the makespan of the optimal solution. We �nd an upper bound dynamically, by doubling the
makespan on each attempt. Only if the cost between two successive attempts did not change do we
report a solution. This avoids solutions where the makespan but not sum-of-cost is minimal.

The ILP solver computes results with the same minimum cost in all solved cases, as expected.
However, the runtime is signi�cantly higher compared to CBS-TA. For example, the average runtime
for 10 agents is21 s. This also a�ects the success rate (see Fig. 6.5), which is signi�cantly lower
compared to CBS-TA for larger numbers of agents.

6.2.5.2 ECBS-TA

We use benchmarks to compare the two ECBS-TA variants to optimal task assignment followed
by ECBS using di�erent environment sizes and suboptimality bounds. Note that even though we
use the same suboptimality bound for ECBS-TA and ECBS, they have di�erent semantics. In
the ECBS-case we guarantee that the returned result is within a factor ofw given that the task
assignment is �xed. ECBS-TA, on the other hand, guarantees to return a solution that is within
a factor of w for the optimal valid task assignment. Thus, the guarantee given by ECBS-TA is
stronger. In all cases we numerically veri�ed that the suboptimality bounds are ful�lled.

Small Environments In the �rst set of tests, we use the same8 � 8 4-connected grids with
20% obstacles as for the CBS-TA analysis in the previous section. We vary the number of agents
and report the success rate, average cost, and average runtime over 100 examples per numbers
of agents. A subset of our results is shown in Table 6.1. Both ECBS-TA variants achieve higher
success rates, lower or comparable costs, and lower runtime compared to ECBS when used with the
same suboptimality bound. When comparing the two di�erent ECBS-TA versions, we notice that
the CBS-TA style root-node expansion results in lower costs at higher suboptimality bounds. In
case (w = 1 :3), this version also provides a higher success rate at a lower runtime, compared to the
MinRoot expansion policy.

Large Environments In another set of tests (see Table 6.1) we used32� 32 4-connected grids,
again with 20% obstacles. Instead of up to 20 robots we test with up to 100 robots. This results in
longer required paths for each robot, but has a lower robot-to-free-space density of 12% compared
to the 38% of the smaller maps.

When computing the optimal solution (w = 1 ), the success rate of ECBS-TA (both variants) is
now signi�cantly lower than ECBS. For instances that could be solved by all variants, the solution
found by ECBS-TA has a lower cost, but not signi�cantly (less than 5% on average). Higher
suboptimality bounds (w = 1 :05 and w = 1 :1) improve the success rate of ECBS-TA to a comparable
level and the solution quality is nearly identical for ECBS and ECBS-TA. However, the runtime
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(a) Success rate. (b) Average cost.

(c) Average runtime. (d) Average makespan.

Figure 6.6: Benchmark results comparing CBM with ECBS-TA for 8 � 8 4-connected grid
environments. ECBS-TA achieves a higher success rate at comparable runtime with w = 2 .
For all used suboptimality bounds the achieved sum of costs is lower when using ECBS-
TA when compared to CBM. However, because CBM optimizes makespan, it outperforms
ECBS-TA with respect to makespan.

of ECBS-TA using the CBS-TA style expansion is signi�cantly higher and grows quickly with the
number of agents. Our MinRoot expansion on the other hand has the same (and sometimes better)
runtime than ECBS.

This e�ect can be explained as follows. The number of possible task assignments grows factorially
in the number of robots. Thus, instances with many robots have many possible assignments with
identical cost (we noticed several hundred possible assignments with optimal cost for some of our
examples). Adding another root node in the ECBS forest is time-consuming, because another
assignment needs to be computed and low-level search for each robot for this assignment needs to be
executed. Therefore, our CBS-TA style expansion will create many additional root nodes, but those
root nodes do not help signi�cantly to �nd lower cost solutions. The MinRoot expansion delays
creating additional root-nodes as long as possible for the givenw. High suboptimality bounds might
not trigger the creation of any additional root node.

Consequently, instances with many robots should use ECBS-TA with the MinRoot expansion.
This provides stronger suboptimality guarantees compared to ECBS and better results with low
suboptimality bounds. At the same time ECBS-TA achieves the same results in terms of runtime
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and cost as ECBS for high suboptimality bounds.

6.2.5.3 Multi-color MAPF

Thus far our experiments have only considered the unlabeled case. We now evaluate cases where
the target assignment is more constrained. To be able to compare to a baseline we setN = M
and arrange agents into groups, such that agents within the same group are interchangeable. We
solve the same problem instance using the Con�ict-Based Min-Cost-Flow (CBM) algorithm [95],
and compare it with ECBS-TA (MinRoot expansion) with varying suboptimality bounds. Both
algorithms use di�erent objective functions: CBM �nds solutions with minimal makespan, while
ECBS-TA minimizes the sum of cost up to a given suboptimality factor. The CBM implementation
is written in C++ and uses boost graph as well.

Small Environments In the �rst set of tests we run both algorithms on the same 8 � 8 maps
with varying number of agents, but �xed group size of 5 agents per group5. We report the success
rate, average cost, runtime, and makespan for CBM and ECBS-TA with di�erent suboptimality
bounds (w = 1 :0; 1:3; 2:0), see Fig. 6.6. We notice that the achieved average cost (that is, the sum of
the individual agent costs) is smaller for ECBS-TA in all cases, while the makespan (as the metric
being optimized in CBM) is lowest for CBM. When we choosew = 2 :0, ECBS-TA achieves a higher
success rate at comparable runtimes compared to CBM. Using lower suboptimality bounds results
in lower cost solutions, but the success rate is signi�cantly lower and the runtime is longer compared
to CBM.

Large Environments We use the same �xed group size of 5 agents per group on the larger
32 � 32 maps that were also used in the ECBS-TA experiments. Using ECBS-TA to compute
cost-optimal solutions (w = 1 :0) leads to a low success rate (no instance with 100 agents can be
solved within the timeout), while bounds with w � 1:3 can solve all instances. In comparison, CBM
solved 995 out of the 1000 test instances in the given time limit. For brevity, we report the results
for w = 1 :3 in Fig. 6.7 on instances that were solved by both algorithms. The achieved cost of CBM
is more than twice as high compared to ECBS-TA in the 100 agent case. It is surprising that the
di�erence is so large considering the relatively high suboptimality bound used for ECBS-TA. Not
surprisingly, CBM achieves a lower makespan (the metric it is minimizing): in the 100 agent case
CBM has an average makespan of 33 while ECBS-TA achieves an average makespan of 47. The
runtime of ECBS-TA is signi�cantly better compared to CBM, especially when more agents are
considered.

Varying Group Size To evaluate the in�uence of the group size, we use the32� 32 maps with
100 agents while varying the group size. The results (usingw = 1 :3 for ECBS-TA) are shown in
Fig. 6.8. As before, we limit the computation time to 30 s. ECBS-TA was able to compute solutions
for all cases within the given time limit. If using 100 groups (group size of 1), CBM was not able to
compute a single solution, but it was successful for all other group sizes and instances. If the group
size is 1, we get the labeled case where each agent has an assigned goal. The other extreme is the
unlabeled case, which we achieve with a group size of 100. CBM uses a maximum �ow algorithm in
the low-level search that is executed per robot group. Thus, it performs best if there is just a single
group (of size 100) and worst if there are 100 groups (of size 1). ECBS-TA, on the other hand,
considers a single possible assignment if there are 100 groups, and100! assignments if there is a
single group. The runtime results re�ect this behavior: ECBS-TA can �nd solutions much faster for
small group sizes compared to CBM. The runtime requirements slowly increase for larger group
sizes. The runtime of CBM decreases with the group size. As in the previous results, the cost of the

5The last group may have less than 5 agents.
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(a) Average cost. (b) Average runtime.

Figure 6.7: Benchmark results comparing CBM with ECBS-TA for 32 � 32 4-connected grid
environments. ECBS-TA achieves lower cost and runtime compared to CBM.

(a) Average cost. (b) Average runtime.

Figure 6.8: Benchmark results comparing CBM with ECBS-TA for varying group sizes. The
runtime of ECBS-TA slowly grows, while the runtime of CBM rapidly decays with the group
size. The average cost of the solution is always smaller when using ECBS-TA, independent
of the group size.

solution is lower for ECBS-TA in all cases. Similarly, as expected, the makespan of CBM solutions
is always better than for ECBS-TA solutions.

6.3 MAPF with Generalized Con�icts (MAPF/C)

We are given a roadmap of the environment (GE ) with additional con�ict sets for generalized
vertex-vertex (conV V), edge-edge (conEE), and edge-vertex (conEV) con�icts. Additionally, we
are given a unique start vertex for each robotvi

s 2 VE . In the labeled case we are given a unique
goal for each robotvi

g 2 VE ; in the unlabeled case the goals can be freely assigned to robots.
As before, a robot can either wait at its current vertex or traverse an edge. However, at each

timestep we need to enforce that the generalized vertex-vertex constraints are enforced. Additionally,
during each movement we need to ensure that the edge-edge and edge-vertex con�icts are not
violated.
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De�nition 6.3.1. A path pj = [ uj
0; : : : ; uj

T j ; uj
T j +1 ; : : :] for agent j is MAPF/C valid if and only

if the following conditions hold.

1. Agents obey inter-robot constraints when stationary (generalized vertex-vertex collision), that
is, for all timesteps t and all agents pairsj 6= k we haveuj

t =2 conV V(uk
t );

2. Agents obey inter-robot constraints while traversing an edge (generalized edge-edge collision),
that is, for all timesteps t and all agent pairs j 6= k we have(uj

t ; uj
t +1 ) =2 conEE((uk

t ; uk
t +1 )) ;

3. Agents obey inter-robot constraints between stationary and traversing robots (generalized
edge-vertex collision), that is, for all timesteps t, all agents pairs j 6= k and uj

t = uj
t +1 we

haveuj
t =2 conEV((uk

t ; uk
t +1 )) ; and

4. pj is valid.

Based on the MAPF/C validity of a path, we can de�ne labeled, unlabeled, and multi-color
MAPF/C variants by strengthening the requirements for the solution paths. Similar to traditional
MAPF instances, it is possible to optimize for di�erent criteria, including makespan and sum-of-cost.

Solving MAPF/C instances optimally is NP-Complete even in the unlabeled case, as the
following two theorems show. In contrast, unlabeled MAPF can be solved in polynomial time using
a maximum-�ow formulation [178].

Theorem 6.3.1. Solving labeled MAPF/C optimally with respect to cost or makespan is NP-
Complete.

Proof. This follows directly from the NP-Completeness proof for labeled MAPF [180].

Theorem 6.3.2. Solving unlabeled MAPF/C optimally with respect to makespan is NP-Complete.

Proof. We reduce maximum independent set (MIS) to unlabeled MAPF/C. Consider the decision
MIS instance (GMIS ; kMIS ) that decides if there is a maximal independent set of cardinalitykMIS .
An independent set is the set of vertices inGMIS such that there are no two vertices in the set that
are adjacent to each other. We create a new graphGMAP F=C by copying GMIS and adding 2kMIS

vertices v1
s ; : : : ; vk

s ; v1
g ; : : : ; vk

g , each of them fully connected to the vertices which were copied from
GMIS . We add generalized vertex-vertex constraints to the vertices we copied fromGMIS to enforce
the MIS property that no selected vertices should be adjacent to each other. We can then solve the
decision version of the constructed MAPF/C instance to check if there is a solution with makespan
T = 2 , which disallows any wait actions. An example is shown in Fig. 6.9.

If we are given a solution to the MAPF/C problem of makespan T = 2 , each path must contain
exactly three nodes and the middle nodes form the setS since they ful�ll all the constraints.
On the other hand, if we are given a maximum independent setS = f v1; : : : ; vk g, we can create
a solution for the MAPF/C instance by adding kMIS paths connecting vi

s, vi , and vi
g for each

i 2 f 1; : : : ; kMIS g.

6.3.1 Unlabeled Planner

Unlabeled MAPF can be solved in polynomial time if K is given by �nding the maximum �ow of a
time-expanded �ow-graph [178]. This maximum-�ow problem can also be expressed as an Integer
Linear Program (ILP) where each edge is modeled as a binary variable indicating its �ow and the
objective is to maximize the �ow subject to �ow conservation constraints [179]. An ILP formulation
allows us to add generalized constraints.

In order to �nd an optimal solution with respect to makespan, we use a two-step approach.
First, we �nd a lower bound for K , by ignoring the generalized constraints. We search the sequence
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(a) GMIS (b) GMAP F=C

Figure 6.9: Example for maximum independent set to unlabeled MAPF/C reduction with
kMIS = 2 . The red sets de�ne conV V(�) of nodes a; b; c. A solution for the MAPF/C instance
is shown with the bold edges, indicating that f a; cg is a maximum independent set.

(a) GE (b) �Gadget� (c) GF with K = 2

Figure 6.10: Example �ow-graph (c) for environment shown in (a) with a single robot. The
construction uses a graph �gadget� (b) for each edge in GE . The blue edges are annotated with
edge-edge and edge-vertex con�icts and the green edges are annotated with vertex-vertex
con�icts. The bold arrows in (c) show the maximum �ow through the network, which can
be used to compute the robots' paths.

K = 1 ; 2; 4; 8; : : : for a feasibleK , and then perform a binary search to �nd the minimal feasible
K , which we denote asLB (K ). Because we ignore the generalized constraints, we can check the
feasibility in polynomial time using the Edmonds-Karp algorithm on the time-expanded �ow-graph.
Second, we execute a linear search from the known lower bound, solving the fully constrained ILP.
In practice, we have found that the lower boundLB (K ) is su�ciently close to the �nal K such that
a linear search is faster compared to another modi�ed binary search using the ILP.

We build the time-expanded �ow-graph GF = ( VF ; EF ) as an intermediate step to formulate the
ILP. Compared to the existing detailed discussions [178, 179, 95], we add additional annotations to
some of the edges indicating the generalized constraints. For each timestepk and vertex v 2 VE we
add two vertices uv

k and wv
k to VF and create an edge connecting them (red edges in Fig. 6.10c).

For each timestep k and edge(v1; v2) 2 EE we create a �gadget� connectinguv1
k ; uv2

k ; wv1
k , and

wv2
k , see Fig. 6.10b. Furthermore, we connect the di�erent timesteps by adding additional edges

(wv
k ; uv

k+1 ) (green edges in Fig. 6.10c). Additionally, we add verticessource and sink , which are

connected to verticesuv i
s

0 and w
v i

g

K , respectively. If a maximum �ow is computed on this graph,
the �ow describes a path for each robot, ful�lling the regular path validity requirements. We
annotate the edgese = ( wv

k ; uv
k+1 ), which connect di�erent timesteps, with generalized vertex

collisions (green edges in Fig. 6.10c). Speci�cally, we setcon(e) to be the set of other edges
e0 = ( wv0

k ; uv0

k+1 ) where v0 2 conV V(v). Furthermore, we add annotations for generalized edge-
edge and edge-vertex collisions to all helper edgese of the gadget (blue edges in Fig. 6.10c) that
were created for(v1; v2) 2 EE . For edge-edge con�icts we setcon(e) to include the set of other
edgese0 that were created for (v0

1; v0
2) 2 conEE((v1; v2)) . For edge-vertex con�icts we setcon(e)

to include the set of other edgese0 = ( uv0

k ; wv0

k ) that were created to allow wait actions (red
edges in Fig. 6.10c) wherev0 2 conEV((v1; v2)) . Finally, we disallow that the blue edges of the
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�gadget� are used for wait actions by adding constraintscon((uv1
k ; u(v1 ;v 2 )

k )) = f (w(v1 ;v 2 )
k ; (wv1

k )g and

con((uv2
k ; u(v1 ;v 2 )

k )) = f (w(v1 ;v 2 )
k ; (wv2

k )g.
For each edge(u; v) 2 EF , we introduce a binary variable z(u;v ) . The ILP can be formulated as

follows:

maximize
X

(source;v )2E F

z(source;v )

subject to
X

(u;v )2E F

z(u;v ) =
X

(v;w )2E F

z(v;w )

8v 2 VF n f source; sinkg

ze +
X

(u 0;v 0)2 con (e)

z(u 0;v 0) � 1

8e 2 EF ; con(e) 6= ;

(6.1)

Here, the �rst constraint enforces the �ow conservation and the second constraint enforces the
generalized con�icts. A solution to the ILP assigns a value to all variables, indicating the �ow on
each edge. We can then easily create the pathpi for each robot by setting x i

k based on the �ow in
GF . The permutation � (i ) is implicitly given by x i

K .

6.3.2 Labeled Planner

Our labeled planner is based on a bounded suboptimal variant of CBS, called Enhanced CBS
(ECBS), which has been shown to solve practical instances with hundreds of robots in maze-like
environments [11].

ECBS uses two di�erent search levels: high- and low-level. The high-level search creates a binary
constraint tree. Each node in that tree has a set of constraints. A constraint either disallows a robot
to occupy a speci�c vertex or to traverse a speci�c edge at a �xed timestep. A node also contains
a solution path pi for each robot that is consistent with the set of constraints, and an associated
cost for the solution paths. The root node does not have any constraints and thus the solution
paths pi can be created by �nding the path with the lowest cost in the given roadmap for each
robot individually. If a node contains only MAPF/C valid paths, a solution is found. Otherwise,
the �rst MAPF/C violation between two robots r i and r j is found, and two new nodes are created.
Both children inherit the constraints from the parent node. The �rst child imposes an additional
constraint on r i and the second node adds one additional constraint forr j . In CBS the nodes are
traversed using the best-�rst search strategy with respect to the cost. The low-level search is used
to compute a solution path for a single agent that satis�es the constraints for that agent. Each time
a new high-level node is created, the low-level search needs to be executed just once for the agent
with the newly added constraint. The bounded suboptimality in ECBS is achieved by using focal
search with heuristics on both levels [11].

ECBS can solve MAPF/C instances by using the generalized con�ict de�nition for both high-level
search and search heuristics. The algorithm is identical to the one outlined in the original paper [11],
with the following adjustments. For the high-level search, we now need to consider con�icts caused
by the generalized constraints. In case the �rst con�ict is a violation of the generalized vertex-vertex
constraints between agentsr i and r j at timestep k, we create two child nodes. The �rst child
adds a constraint for r i to avoid visiting x i

k at timestep k. The second child adds a constraint
for r j to not visit x j

k at timestep k. Similarly, if the �rst con�ict is a violation of the generalized
edge-edge constraints betweenr i and r j , we add two child nodes with the additional con�icts of r i

not traversing (ui
k ; ui

k+1 ) and r j not traversing (uj
k ; uj

k+1 ), respectively. In case the �rst con�ict is a
violation of the generalized edge-vertex constraints where, without loss of generality,r i is waiting
at a vertex and r j is traversing an edge, we add two child nodes with the additional con�icts of
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r i not waiting at ui
k at timestep k and r j not traversing (uj

k ; uj
k+1 ), respectively. Furthermore, we

need to adjust the heuristics to count violations caused by the generalized constraints as well. For
the high-level search we use the number of pairs of robots that have at least one con�ict. For the
low-level search we use the number of con�icts in the high-level search node.

ECBS is bounded suboptimal with respect to to the cost, i.e. for a user-provided suboptimality
bound w, the cost of the returned solution will satisfy

X

i

pathcost(pi ) � w
X

i

pathcost(pi
� );

where pi
� is a optimal solution as computed by CBS.

6.3.3 Goal Assignment

ECBS can be used to solve an unlabeled problem approximately, by �nding a goal assignment �rst.
Frequently the Hungarian method is used in robotics, which �nds the the optimal assignment with
respect to the sum of the costs [87]. This might, for example, correspond to minimizing the total
energy usage of the robots. The unlabeled case is typically a formation change problem, where it
is more desirable to minimize the time until the last robot reaches its goal. This problem is also
known as the linear bottleneck assignment problem and can be solved e�ciently using, for example,
the Threshold algorithm [22].

6.4 Remarks

We describe labeled, unlabeled, and multi-color MAPF and existing solvers. We extend those problem
formulations in two ways: First, we present MAPF with optimal task assignment (MAPF-TA).
Second, we present MAPF with generalized con�icts (MAPF/C).

For MAPF-TA, we extend Con�ict-Based Search to simultaneously assign tasks and plan paths
for multiple agents. The key insight is the extension of the high-level search to operate on a search
forest rather than a search tree, where each root node represents a �xed assignment. The forest
can be e�ciently constructed on demand, avoiding the need to consider all irrelevant possible task
assignments. The use of the CBS framework provides two signi�cant advantages. First, other
extensions of CBS, such as the bounded suboptimal ECBS, are directly applicable. Second, we can
optimize for the sum of individual costs, which is more appropriate in some domains than makespan.

We evaluated our algorithms, CBS-TA and ECBS-TA, extensively, with the following important
results:

1. We can compute solutions signi�cantly faster than an ILP-based solver while providing the
same optimality guarantees.

2. The traditional method of independently assigning tasks followed by path planning can be
improved in terms of solution quality and runtime by using (E)CBS-TA in dense environments
with few agents. However, larger environments with many agents do not bene�t signi�cantly
from a joint optimization. Nevertheless, ECBS-TA (MinRoot expansion) provides stronger
suboptimality guarantees than before with negligible additional runtime overhead.

3. ECBS-TA produces lower cost solutions than CBM (which optimizes for a di�erent objective)
even when high suboptimality bounds are used. For small group sizes, ECBS-TA can produce
such a solution in signi�cantly shorter time compared to CBM.

We believe that (E)CBS-TA can be used in all cases where task assignment and path planning
might be optimized jointly with respect to the sum of costs of the individual agents' plans. We use
MAPF-TA in Chapter 10.
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For MAPF/C, we generalize MAPF by considering vertex/vertex, vertex/edge, and edge/edge
con�icts. Our solvers are based on existing MAPF solvers, that directly consider and resolve the
added con�icts. We use our MAPF/C solvers in Chapters 8 and 9.
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CHAPTER 7
Task and Motion Planning for

Ground Robots

We now consider ground robots such as di�erential drive robots to operate in warehouse environments.
We demonstrate our ideas with a simple running example of two robots in a narrow corridor of
a grid-world with 1 m � 1 m cells, see Fig. 7.1a. The maximum speed limit of Robot 1 is1=4 m=s,
and the maximum speed limit of Robot 2 is 1=16 m=s. Furthermore, edge(C; D) in Fig. 7.1b has
a minimum speed limit of 1=32 m=s. Robot 1 must pass Robot 2 to reach its goal location, which
requires Robot 2 to move into an alcove temporarily, no matter what the maximum speeds and
plan-execution capabilities of the robots are. We can use a discrete solver from AI to discover such
critical intermediate con�gurations and then use a post-processing step to create a plan-execution
schedule that takes the maximum and minimum speed limits and plan-execution capabilities of the
robots into account. Our approach consists of four stages:

1. We formulate the task as a labeled MAPF instance in discrete time and space on a graph of
the environment, see Fig. 7.1b.

2. We use a standard solver from AI to �nd a discrete plan consisting of collision-free paths for
all robots, assuming point-robots, uniform edge lengths, and synchronized robot movement
from vertex to vertex at discrete timesteps, see Fig. 7.1c. However, this discrete plan is nearly
impossible to execute safely on actual robots due to their imperfect plan-execution capabilities.
It is communication-intensive for the robots to remain perfectly synchronized as they follow
their paths, and their individual progress will thus deviate from the discrete plan, for example,
because the edges have non-uniform lengths or speed limits (due to dynamics constraints or
safety concerns) or because the robots cannot move at a uniform speed (due to dynamics
constraints, slip, and other robot and environmental limitations). For example, if Robot 2 is
slightly slower than Robot 1 in our running example, the robots can collide while they execute
their �rst action. In that case, it is not e�ective to slow down all robots. Instead, we control
the speeds of the robots and enforce safety distances between them to avoid collisions.

3. We execute our post-processing step, MAPF-POST, to create a plan-execution schedule that
takes information about the edge lengths and speed limits into account to provide user-speci�ed
guaranteed safety distances between the robots.

This chapter is based on Wolfgang Hönig , T. K. Satish Kumar, Liron Cohen, Hang Ma, Hong Xu, Nora
Ayanian, and Sven Koenig. �Path Finding for Multi-Robot Systems with Kinematic Constraints�. In: Journal of
Arti�cial Intelligence Research (JAIR) (2019). Accepted. In Revision.
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7.1. MAPF-POST

Figure 7.1: Architecture of our approach. Boldly colored circles mark robots' locations. (a)
Example environment with two robots at their start location. Lightly colored squares mark
the goal locations of the robots with corresponding colors/numbers. (b) Graph representation
of the example environment. (c) Discrete plan with 4 timesteps. (d) Post-processing of the
discrete plan using MAPF-POST. (e) Plan execution.

4. We execute the schedules in simulation and on physical robots.

We now describe MAPF-POST in detail and demonstrate experiments in simulation and on
physical robots in Section 7.3.

7.1 MAPF-POST

We now convert a discrete plan to a continuous plan-execution schedule. This post-processing step,
MAPF-POST, takes any MAPF valid discrete plan as input. The output is a sequence of timed
waypoints for each robot, such that the resulting constant speed between any two such waypoints is
within the speci�ed speed limits of the robot and edge. We assume that the distances between the
nearest points on any two robots do not depend on their orientations, e.g., robots are cylindrical in
a 2-D environment or spherical in a 3-D environment. We also assume that they can change their
speeds at waypoints instantaneously. If the robots move from waypoint to waypoint using constant
speeds (and thus only change their speeds at waypoints), we can guarantee a user-speci�ed safety
distance between any two robots. While the given discrete plan might have wait actions, the output
of MAPF-POST only allows the robots to stop once they have reached their �nal location. However,
robots might be required to move with a speed close to zero. It is guaranteed that we can construct
such continuous schedule for any valid MAPF plan if the minimum speed limits of all robots and
edges are zero. If we have a non-zero minimum speed limit, it is possible that there is no continuous
schedule for a given valid MAPF plan that is consistent with the robot and edge speed limits.

MAPF-POST relies on a data structure called the Temporal Plan Graph (TPG). We �rst
introduce this data structure formally, and then describe the construction and usage of TPGs for
multi-robot planning.

7.1.1 Temporal Plan Graph

A TPG is a directed acyclic graph GT P G = ( VT P G ; ET P G ), see Fig. 7.2 for an example. Each
vertex v 2 VT P G represents an event, which corresponds to a robot entering a location. Each
edge(u; v) 2 ET P G is a temporal precedence between eventsu and v indicating that event u must
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7.1. MAPF-POST

Algorithm 7.1: Algorithm for constructing the TPG.

Input: A discrete plan with a makespan of T for N robots consisting of path pj = [ uj
0 ; : : : ; u j

T ] for
each robot j .

Result: The temporal plan graph GT P G for the discrete plan.
1 /* Step 1: add vertices and Type 1 edges */
2 for j  1 to N do
3 vj

0  Add vertex to VT P G

4 x  vj
0

5 for t  1 to T do
6 if uj

t 6= uj
t � 1 then

7 vj
t  Add vertex to VT P G

8 Add Type 1 edge (x; v j
t ) to ET P G

9 x  vj
t

10 /* Step 2: add Type 2 edges */
11 for t  0 to T do
12 for j  1 to N do
13 if vj

t in VT P G then
14 for t0  t + 1 to T do
15 for k  1 to N do
16 if j 6= k and vk

t 0 in VT P G and uj
t = uk

t 0 then
17 Add Type 2 edge (vj

t ; vk
t 0) to ET P G

18 Break out of two loops

be scheduled strictly before eventv. For MAPF-POST, the TPG imposes two types of temporal
precedences between events as dictated by the discrete plan.

Type 1 For each robot, precedences enforce that it enters locations in the order given by its path
in the discrete plan.

Type 2 For each pair of robots and each location that they both enter, precedences enforce the
order in which the two robots enter the location in the discrete plan.

A plan-execution scheduleassigns a real-valued time to each event, corresponding to an entry
time for each location, and can be computed using the TPG. Robots that execute a plan-execution
schedule enter all locations at these entry times. We prove later that the robots do not collide if
they execute a plan-execution schedule that is consistent with these precedences. The discrete plan
uses timesteps and speci�es a total order among the events. The TPG, however, does not discretize
time and speci�es only a partial order among the events, which provides it with �exibility to take
into account both speed limits and imperfect plan-execution capabilities of actual robots.

7.1.2 Constructing the Temporal Plan Graph

Algorithm 7.1 formalizes the construction of the TPG, given any discrete plan consisting of the
paths pj = [ uj

0; : : : ; uj
T ] for each robot j . For each robot, we create aroute from its given path

by removing the wait actions but keeping the move actions (Line 6), that is, for each robotj , we
extract the route r j from path pj by keeping only the �rst of any consecutive identical locations
on the path. For each (kept) location uj

t on route r j , we create a location vertexvj
t 2 VT P G (with

associated robotj and associated locationuj
t ; Line 7). For each two successive (kept) locationsuj

t
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7.1. MAPF-POST

Figure 7.2: TPG for our running example. Each vertex labeled l j
t in the TPG represents

the event �robot j arrives at location l at timestep t.� Each edge represents a temporal
precedence between the events represented by its incident vertices. Black edges are Type 1
edges, and colored edges are Type 2 edges.

and uj
t 0 on the same route, we create a Type 1 edge(vj

t ; vj
t 0) 2 ET P G (Line 8), shown as horizontal

black edges in Fig. 7.2. This edge corresponds to a precedence of Type 1, indicating that robotj
enters location uj

t directly before location uj
t 0 and thus enters locations in the order given by its

path in the discrete plan. Type 1 edges thus correspond to move actions. For each two identical
(kept) locations uj

t = uk
t 0 = u on di�erent routes (and thus j 6= k) with t < t 0, we create a Type

2 edge(vj
t ; vk

t 0) 2 ET P G (Line 17), shown as non-horizontal colored edges in Fig. 7.2. This edge
corresponds to a precedence of Type 2, indicating that robotj enters location u before a di�erent
robot k enters the same location.

Some Type 2 edges are implied by transitivity and are not created (Line 18). Consider the
Type 2 edges(vj

t ; vj 0

t 0 ) and (vj
t ; vj 00

t 00) where t < t 0 < t 00, j 6= j 0, and j 6= j 00. Because we iterate

over timesteps, we �rst add (vj
t ; vj 0

t 0 ). A subsequent iteration will consider vj 0

t 0 and add the Type 2

dependency(vj 0

t 0 ; vj 00

t 00). Thus, the Type 2 edge(vj
t ; vj 00

t 00) is implied by transitivity and does not need
to be created.

The TPG for a discrete plan for N robots with a makespan ofT has O(NT ) location vertices,
because there are up toT � 1 move actions in each of theN paths. There are O(NT ) edges
because each location vertex has at most one outgoing Type 1 edge and one outgoing Type 2 edge.
Algorithm 7.1 constructs the TPG in O(N 2T2) time.

7.1.3 Augmenting the Temporal Plan Graph

While the basic TPG models the precedences between robots, it does not provide any safety distance
between them. We now add additional vertices, called safety markers, to the TPG to provide
a guaranteed safety distance between robots. The safety markers correspond to new locations,
called auxiliary locations, and allow us to change the meaning of the edges in the TPG. Each edge
(u; v) 2 ET P G can now be a temporal precedence indicating that eventu must be scheduled no later
than (rather than strictly before) event v.

We assume that all edge lengths are larger than the user-speci�ed parameter� > 0, which is
the guaranteed safety distance between any two robots on the graph. We also assume that each
robot traverses each edge with constant speed and stays at (main or auxiliary) locations only for an
instant before it reaches its goal location. However, its speed can change instantaneously at each
location. Our implementations use controllers that approximate this assumption.

7.1.3.1 Basic Approach

We �rst assume that � divides all edge lengths or that there are only two robots. The pseudo code
of this basic approach is given by the highlighted lines of Algorithm 7.2. This construction of the
augmented TPG is a slight variation of Algorithm 7.1.

We make use of two relationsvertex(t; j ) and succloc(t; j ) that map to a vertex vj
t 2 VT P G and

location uj
t 2 V , respectively. Speci�cally, vertex(t; j ) maps to the location vertex vj

t if one exists

66



7.1. MAPF-POST

as before, orNULL if no such location vertex was created.succloc(t; j ) maps to the next main
location that robot j will reach after timestep t or NULL if there is no such location. Step 1 adds
vertices referring to main locations as well Type 1 edges as before (see Lines 1 to 17). Compared to
Algorithm 7.1, we also construct the two relations vertex(t; j ) and succloc(t; j ) as part of that �rst
step.

The second step adds Type 2 edges, similar to before. Instead of connecting corresponding
main locations directly, we add safety markers that are� apart from the main locations. For the
construction of Type 2 edges, we still iterate over every pair of verticesvj

t and vk
t 0 in the TPG where

two di�erent robots j and k arrive at the same main location (Lines 19 to 24). We then use the
helper function addType2Edge(pseudo code in Appendix A) that adds a Type 2 edge toET P G and
inserts new vertices if required. For example, the call in Line 25 adds a Type 2 edge(vj

t ; x0), where
x0 is located � before vk

t 0. If such a vertex does not exist, we add it toVT P G . Furthermore, we
split the existing Type 1 edge betweenvk

t 0 and its predecessorx0
p in the TPG into two so-called

microedges: one microedge fromx0
p to x0 and one microedge fromx0 to vk

t 0. The splitting is done
by another helper function getOrCreateVertex that either �nds a speci�ed vertex (speci�ed by
a vertex and relative distance), or creates such a vertex and splits the existing Type 1 edge into
microedges accordingly (pseudo code in Appendix A). Similarly, we add a second Type 2 edge from
a vertex � after vj

t to vk
t 0 (Line 26). In case the two robots are following the same path, that is if

succloc(t; j ) and succloc(t0; k) are identical, we add additional Type 2 edges with a spatial distance
of � each (Lines 30 to 32).

As before, we can avoid some Type 2 edges that are implied by transitivity (Lines 35 to 37).
In case the two robots are following the same path, we can break out of both loops, following the
same argument as in Section 7.1.2. If the two robotsj and k follow di�erent paths, there might
be another robot k0 that occupies the same location asj in the future such that j and k0 follow
the same path. Thus, we cannot break out of both loops in this case and there might be multiple
outgoing Type 2 edges for each vertex. Because there might now be up toN outgoing Type 2 edges
for each vertex, Algorithm 7.2 createsO(N 2T) edges.

An example of the augmented TPG for our running example with � = 0:75 m is shown in
Fig. 7.3a. Compared to the TPG from Fig. 7.2, the number of Type 2 edges has doubled, since each
Type 2 edge of the original TPG has been replaced by at least two Type 2 edges. For an intuition
what the additional Type 2 edges accomplish, consider the two red edges. The �rst one (originating
at B 2

0 ) enforces that Robot 2 has to start moving out of B before Robot 1 can move closer than
0:75 m towards B . The second red edge (aiming towardsB 1

1 ) enforces that Robot 2 has to be at
least 0:75 m away from B before Robot 1 can move intoB . The combination of the two edges and
the fact that robots have to move with a constant speed along an edge enforce the safety distance.

If the safety distance is decreased, the constructed TPG might contain more Type 2 edges. An
example for � = 0:25 m is shown in Fig. 7.3b. Here, additional safety markers and Type 2 edges
are added for the portions of the paths where the two robots traverse the same edges, namely the
traversal from B to C and the traversal from C to D. Consider the four red edges, for an intuition
of what those additional safety markers accomplish. The �rst two red edges enforce that Robot 1
can only move into B after Robot 2 left B , as before. After Robot 1 reachedB it is scheduled to
move towardsC. Without any coordination between Robots 1 and 2, Robot 1 might come arbitrary
close to Robot 2 while both of them move towardsC. The two additional red Type 2 edges ensure
that Robot 1 has to stay at least 0:25 m behind Robot 2 while they both move from B to C.

7.1.3.2 Adding Additional Type 2 Edges

We now consider cases where� does not need to divide all edge lengths. This creates additional
challenges as outlined in the following example. Consider three robots in an environment with
an intersection as shown in Fig. 7.4, with the following given paths: f p1 = [ A; A; B; C; D ], p2 =
[B; B; C; D; E ], and p3 = [ F; C; G]g. The highlighted part of Algorithm 7.2 creates an augmented
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Algorithm 7.2: Constructing the augmented TPG.

Input: A discrete plan with a makespan of T for N robots consisting of path pj = [ uj
0 ; : : : ; u j

T ] for
each robot j .

Result: The augmented temporal plan graph GT P G for the discrete plan.
1 /* Step 1: add vertices and Type 1 edges */
2 for j  1 to N do
3 x  Add vertex to VT P G

4 vertex (0; j )  x
5 t0  0
6 for t  1 to T do
7 if uj

t 6= uj
t � 1 then

8 y  Add vertex to VT P G

9 Add Type 1 edge (x; y ) to ET P G

10 succloc(t0; j )  uj
t

11 constraints (( x; y ))  ;
12 t0  t
13 vertex (t; j )  y
14 x  y

15 else
16 vertex (t; j )  NULL

17 succloc(t0; j )  NULL

18 /* Step 2: add Type 2 edges */
19 for t  0 to T do
20 for j  1 to N do
21 if vertex (t; j ) 6= NULL then
22 for t0  t + 1 to T do
23 for k  1 to N do
24 if j 6= k and vertex (t0; k) 6= NULL and uj

t = uk
t 0 then

25 addType2Edge(GT P G ; vertex (t; j ); 0; vertex (t0; k); � � )
26 addType2Edge(GT P G ; vertex (t; j ); �; vertex (t0; k); 0)
27 C  (vertex (t; j ) ! vertex (t0; k))
28 addConstraint( GT P G ; vertex (t; j ); 0; �; C )
29 addConstraint( GT P G ; vertex (t0; k); � �; 0; C)
30 if succloc(t; j ) = succloc(t0; k) then
31 for d  2� to dist (uj

t ; succloc(t; j )) step � do
32 addType2Edge(GT P G ; vertex (t; j ); d; vertex (t0; k); d � � )
33 addConstraint( GT P G ; vertex (t; j ); d � �; d; C )
34 addConstraint( GT P G ; vertex (t0; k); d � 2�; d � �; C )

35 Break out of two loops

36 else
37 Break

38 /* Step 3: add additional Type 2 edges */
39 addAdditionalType2Edges( GT P G )
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(a) Augmented TPG for the running example with � = 0:75 m .

(b) Augmented TPG for the running example with � = 0:25 m .

Figure 7.3: Augmented TPGs for the running example. The labeled vertices are associated
with main locations as in Fig. 7.2. The unlabeled vertices are safety markers (associated with
auxiliary locations).

TPG as shown in Fig. 7.5. Here, additional vertices were added in Step 2, causing some of the
original Type 1 edges to be split into microedges. For example, the �rst safety marker afterB 2

0
caused a split of the edge fromB 2

0 to the safety marker beforeC2
2 . Because the robot model assumes

constant velocities on edges only, it would now be possible for Robot 2 to change its speed between
B 2

0 and the safety marker directly before C2
2 . Such a speed change can cause a safety distance

violation, as described in the following example. Robot 2 might start moving out ofB very quickly
until it reaches the �rst safety marker and than change to a slower speed until it reaches the second
safety marker. At the same time, Robot 1 moves with a constant speed from its �rst safety marker
after A towards B . Because Robot 2 moves much slower away fromB after it passed the �rst safety
marker than Robot 1 moves towardsB , Robot 1 will be closer than � to Robot 2 while traversing.
In order to prevent such a possible violation, we need to add an additional Type 2 edge, preventing
Robot 2 from moving too slowly out of location B compared to Robot 1 moving towards locationB .
Similar to the case where two robots follow the same path, we add the new Type 2 edge such that
is is parallel to the existing Type 2 edges.

We now describe how we can �nd such violations and add additional Type 2 edges, see Algo-
rithm 7.2. The part that is not highlighted is discussed in this section. We use another relation
constraints (e) that maps an edgee 2 ET P G to a set of constraints of the formvj

t ! vk
t 0. For Type 1

edges the constraintvj
t ! vk

t 0 indicates that robot j cannot enter location uj
t before robot k moved

at least � away. The constraints relation is initialized in Line 11, and updated in Lines 27 to 29 and
Lines 33 to 34. We use a helper functionaddConstraint (pseudo code in Appendix A), that adds
constraints for multiple microedges. For Type 2 edges the constraintvj

t ! vk
t 0 indicates that this edge

was created to enforce that robotj cannot enter location uj
t before robot k moved at least � away.

There is exactly one constraint per Type 2 edge and it is initialized as part of theaddType2Edge
function (see Appendix A). A potential violations occurs if a Type 1 edge requires a constraint that
is not satis�ed by the associated Type 2 edges. We executeaddAdditionalType2Edges in Step 3
(Line 39), which �nds such discrepancies and adds additional Type 2 edges.

The pseudo code foraddAdditionalType2Edges is shown in Algorithm 7.3. We iterate over all
Type 1 edges(u; v) where u is a safety marker (Lines 3 to 5). The set of constraints that need to
be satis�ed is given by constraints (e) (Line 6). The set of constraint that are already satis�ed is
given by the constraints that are satis�ed by all incoming and outgoing Type 2 edges with respect
to u (Lines 7 to 11). We can now iterate over all constraintsvj

t ! vk
t 0 that have not been satis�ed

yet (Lines 12 to 14). If the constraint originated from the current robot, that is j equals the robot
associated with the Type 1 edge(u; v), we add an additional Type 2 edge originating from the
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(a) Graph of environment. All edge
lengths are 1 m .

(b) TPG for an example with three robots.

Figure 7.4: Example environment where additional Type 2 edges need to be added to the
TPG to enforce the safety distance.

Figure 7.5: Augmented TPG for the example from Fig. 7.4 with � = 0 :75. The annotations
on the edges show the set of constraints which need to be satis�ed along that edge for Type
1 edges and the constraint which needs to be satis�ed for Type 2 edges.

current robot (Lines 15 to 16). Otherwise, we add an additional Type 2 edge targeting the current
robot (Lines 17 to 19). This process is repeated until no more violations are found (Lines 1, 2
and 20).

For the example �rst introduced in Fig. 7.4, the constraints relation is shown as edge annotations
in Fig. 7.5. Consider the microedge(u; v) for Robot 2 that starts at the �rst safety marker after
B 2

0 and ends at the next safety marker. The constraints aref B 2
0 ! B 1

2 ; C3
1 ! C2

2 g. There is only
one incoming Type 2 edge, satisfying the second constraint (C3

1 ! C2
2 ). The constraint B 2

0 ! B 1
2 is

missing; because this constraint originated from the current robot, we add an additional Type 2 edge
originating from Robot 2 (see red dashed line in Fig. 7.6). Now consider the microedge(u; v) for
Robot 2 that start at the safety marker directly before C2

2 and ends atC2
2 . Here, the constraints are

f C3
1 ! C2

2 g and only another constraint (B 2
0 ! B 1

2 ) is satis�ed. The missing constraint originates
from Robot 3; thus, we add an additional Type 2 edge targeting Robot 2 (see green dashed line in
Fig. 7.6).

The number of possible iterations in Algorithm 7.3 is �nite. Each time a violation is found, a
Type 1 edge is split and another vertex added. This new vertex in turn might cause additional
constraints not being satis�ed. However, this can only happen up toN times, because the TPG is a
directed acyclic graph (which we prove in Lemma 7.1.5). Each iteration has a time complexity of
O(N 2T), resulting in an overall time complexity of O(N 3T) for addAdditionalType2Edges .
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Algorithm 7.3: addAdditionalType2Edges
Input: TPG GT P G as created by the �rst two steps of Algorithm 7.2.
Result: Updated GT P G , such that all constraints are satis�ed.

1 repeat
2 violationsF ound  F alse
3 for i  1 to N do
4 foreach Type 1 edgee = ( u; v) of robot i do
5 if u is safety marker then
6 required  contraints (e)
7 satisf ied  ;
8 foreach Type 2 edgee0 = ( u; v0) do
9 satisf ied  satisf ied [ contraints (e0)

10 foreach Type 2 edgee0 = ( v0; u) do
11 satisf ied  satisf ied [ contraints (e0)

12 missing  required n satisf ied
13 foreach m = ( vj

t ! vk
t 0) 2 missing do

14 violationsF ound  T rue
15 if j = i then
16 addType2Edge(GT P G ; vj

t ; dist (vj
t ; u); vk

t 0; dist (vj
t ; u) � � )

17 else
18 v0  getOrCreateVertex( GT P G ; vk

t 0; � � )
19 addType2Edge(GT P G ; vj

t ; dist (v0; u); vk
t 0; dist (v0; u) � � )

20 until violationsFound = False

Figure 7.6: Augmented TPG for the example from Fig. 7.4 with � = 0 :75. The dashed lines
show additional Type 2 edges which need to be added after the �rst two steps were executed.
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Figure 7.7: STN for our running example with � = 0:75 m . Each edge annotation is of the
form [LB (e); UB (e)]. A robot must take at least LB (e) time units and at most UB(e) time units
to traverse a Type 1 edge e.

7.1.4 Encoding Dynamics Constraints

We now associate quantitative information with the edges of the augmented TPG, transforming it
into a Simple Temporal Network (STN). An STN is a directed acyclic graph GST N = ( VST N ; EST N ).
Each vertex v 2 VST N represents an event. Each edgee = ( u; v) 2 EST N annotated with the STN
bounds [LB (e); UB(e)] is a simple temporal constraint between eventsu and v indicating that event
u must be scheduled betweenLB (e) and UB(e) time units before event v. We add two additional
vertices. X S represents the start event and therefore has edges annotated with the STN bounds
[0; 0] to all vertices without incoming edges. Similarly, X F represents the �nish event and therefore
has edges annotated with the STN bounds[0; 1 ] to all vertices without outgoing edges.

The STN bounds allow us to express non-uniform edge lengths or speed limits (due to dynamics
constraints or safety concerns). We now explain which STN bounds to associate with the edges
of the augmented TPG to transform it into an STN. Each edge (v; v0) 2 EST N is a precedence
indicating that event v must be scheduled no later than eventv0. Thus, we must associate the
STN bounds [0; 1 ] with all edges. However, we can assign tighter STN bounds to Type 1 edges.
Consider any Type 1 edgee = ( u; v) with associated robot j and associated lengthl(e) = dist (u; v).
The lower STN bound corresponds to the minimum time needed by robotj for moving from the
location associated with vertexu to the location associated with vertexv, and the upper STN bound
corresponds to the maximum time. From now on, we assume that robotj has a �nite maximum
speed limit v�

max (e) and �nite minimum speed limit v�
min (e) for the move, for example, due to the

dynamics constraints of robot j or safety concerns about traversing edgee with high or low speeds.
Then, robot j needs at leastl (e)=v�

max (e) time units to complete the move, meaning that it enters
the location associated with vertexv at least l(e)=v�

max (e) time units after it enters the location
associated with vertexu, resulting in a tighter lower STN bound than 0. Similarly, we can compute
an upper bound UB(e) as l(e)=v�

min (e) if v�
min (e) is greater 0 and1 otherwise. Thus, we associate

the STN bounds [l(e)=v�
max (e); UB(e)] with the edge.

Figure 7.7 shows the STN for our running example. Remember that the length of all edges inEE

is 1 m, the maximum speed limit of Robot 1 is 1=4 m=s, and the maximum speed limit of Robot 2 is
1=16 m=s. Furthermore, edge(C; D) 2 EE has a minimum speed limit of 1=32 m=s. We use� = 0:75 m.
The simple temporal constraint between the safety marker after location vertexB 2

0 and location
vertex B 1

1 enforces that Robot 1 cannot move at maximum speed until it enters locationB since it
needs to let the slower Robot 2 exit locationB before it enters the location. The upper bounds on
the four Type 1 edges between locationsC and D re�ect the minimum speed constraint on that
edge.
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Figure 7.8: Distance graph for our running example.

7.1.5 Calculating a Plan-Execution Schedule

One can calculate a schedule (that assigns a timet(v) to each eventv with the convention that
t(X S ) = 0 ) that satis�es all simple temporal constraints in polynomial time using minimum-cost
path computations on the directed distance graph of the STN, typically done with the Bellman-Ford
algorithm. Every vertex of the STN is translated into a vertex of the distance graph. Every edge of
the STN e = ( u; v) 2 EST N annotated with the STN bounds [LB (e); UB(e)] is translated into two
edges of the distance graph, namely one forward edge(u; v) of cost UB(e) and one reverse edge
(v; u) of cost � LB (e). The absence of negative cost cycles in the distance graph is equivalent to
the existence of a schedule that satis�es all simple temporal constraints [39]. The distance graph
of our running example is shown in Fig. 7.8. The assigned timet(v) for each eventv is given by
the negative of the shortest distance fromv to X S in the distance graph. For examplet(B 1

1 ) = 12 ,
because the shortest distance fromB 1

1 to X S is � 12. We compute all such times by running the
Bellman-Ford algorithm on the distance graph with reversed edges starting fromX S . Similarly, an
upper bound for a valid arrival time is given by the shortest distance from X S to v and all such
times can be computed by running the Bellman-Ford algorithm on the distance graph starting from
X S .

7.1.6 Properties

In the following, we show that the user-speci�ed parameter� is indeed a guaranteed safety distance.
In all cases, we assume that for any edge with lengthl in the underlying search graph, � < l .
Furthermore, we discuss the runtime and space complexity of MAPF-POST and the cases in which
it is guaranteed to �nd a plan-execution schedule given a valid discrete plan.

7.1.6.1 Safety Guarantee

We �rst prove that � is the guaranteed safety distance in terms of the distance in the search graphGE .
In practice, the Euclidean distance (that is, the straight-line distance in the continuous environment)
between any two robots is more relevant. In Theorem 7.1.2, we relate the graph-based and Euclidean
distances for the two cases of four-neighbor square grids and six-neighbor cubic grids.

Lemma 7.1.1. If a Type 2 edge connects two verticesx and x0 in the TPG then their corresponding
locations are � away from each other.

Proof. This follows from Lines 25, 26 and 32 in Algorithm 7.2 and Lines 16 and 19 in Algorithm 7.3.

Lemma 7.1.2. Two vertices x and x0 in the TPG that correspond to the same location and di�erent
robots a and a0 are connected by a path of temporal precedences with at least one Type 1 edge.

Proof. Supposex and x0 correspond to the same main location. Two robots cannot be at that main
location at the same time in the discrete plan since the paths in the discrete plan are valid. Without
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loss of generality, let robot a be the robot that arrives before robot a0 at the main location in the
discrete plan. Then there is a path of temporal precedences starting with a Type 1 edge fromx
to the safety marker � after x and a Type 2 edge from this safety marker to a vertexx00(Line 26
in Algorithm 7.2), where x00is either identical with x0 or a vertex in the TPG that corresponds to
the same main location asx but that is for a di�erent robot a00that arrives at the main location
after a0 but before a00. If x00corresponds to a di�erent robot, then a future iteration of the loop
at Line 19 in Algorithm 7.2 creates an edge from� after x00to x0 or to some other robot a000that
arrives at the same main location aftera00but before a0. Since there is only a �nite number of
discrete steps between the arrival times ofa and a0, there will eventually be a path of temporal
precedences betweenx and x0 with at least one Type 1 edge.

Supposex and x0 correspond to the same auxiliary location. Let x be somewhere between
vertices u and v, and x0 be somewhere betweenu0 and v0, where u; u0 and v; v0 correspond to the
same main locations, respectively.

Let's analyze the possibility where robot a moves fromu to v and robot a0 moves fromu0 to
v0. Both robots cannot be at the same main location at the same time nor swap locations in one
timestep in the discrete plan. Without loss of generality, let robot a be the robot that arrives at the
location that corresponds to u before robot a0 arrives at the location that corresponds to u0. We
now consider two cases. First, the case wherex is a multiple of � away from u. Then, a temporal
precedence including at least one Type 2 edge is created in Line 26 or Line 32 in Algorithm 7.2
connecting x with a vertex � before x0. Thus, there is a path of temporal precedences including at
least one Type 1 edge (from that vertex tox0) in this case. Second, the case wherex is not a multiple
of � away from u. Then, x is created dynamically by splitting a Type 1 (micro)edge into two Type 1
microedges usinggetOrCreateVertex (Line 19 in Algorithm 7.3). Both newly created microedges
retain the constraints of the split edge (Lines 16 and 17 in Algorithm A.2). Then, a Type 2 edge
connecting x with a vertex � before x0 will eventually be created in addAdditionalType2Edges
(Lines 16 and 19 in Algorithm 7.3). Thus, there is a path of temporal precedences including at least
one Type 1 edge (from that vertex to x0) in this case.

Let's analyze the possibility where robot a moves fromu to v and robot a0 moves fromv0 to u0.
Without loss of generality, let robot a be the robot that arrives at the location that corresponds
to v before robot a0 arrives at the location that corresponds to v0. Becausev and v0 correspond
to the same main location, there is a path of temporal precedences fromv to v0 with at least one
Type 1 edge. By construction, there are Type 1 edges connectingx to v and v0 to x0, concluding
our analysis of all cases.

Lemma 7.1.3. Two robots cannot be at the same main or auxiliary location nor traverse the same
microedge in opposite directions at the same time.

Proof. Consider two verticesx and x0 in the TPG that correspond to two robots arriving at the
same main or auxiliary location. According to Lemma 7.1.2, there is a path of temporal precedences
between x and x0 with at least one Type 1 edge. Since Type 1 edges have non-zero length and
robots have �nite speed limits, x and x0 cannot be simultaneous events.

Now, consider the case where two robots traverse a microedge in opposite directions. Robot
a traverses the microedge(u; v) somewhere between verticesx and y and robot a0 traverses the
microedge(v0; u0) between verticesy0 and x0, where x; x 0 and y; y0 correspond to the same main
locations and u; u0 and v; v0 correspond to the same auxiliary locations, respectively. Both robots
cannot be at the same main location at the same time nor swap locations in one timestep in the
discrete plan. Without loss of generality, let robot a be the robot that arrives at y before robot
a0 arrives at y0. This means that there is a path of temporal precedence edges fromy to y0 that
contains at least one Type 1 edge (Lemma 7.1.2). Since Type 1 edges have non-zero length, both
robots cannot traverse the microedge in opposite directions at the same time.
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Lemma 7.1.4. The distance between any two robots in the graph is at least� if at least one of
them is at a main or auxiliary location.

Proof. Robots always stay at locations only for an instant before they reach their goal location.
Thus, the times they are at (main or auxiliary) locations coincide with the times they arrive at
them. Consider a vertexx in the TPG that corresponds to robot a arriving at location u. For any
other robot a0 the worst case for its proximity to a arises when it also goes throughu (indicated by
vertex x0 in the TPG). We distinguish two cases:

First, robot a0 moves away fromu. In this case, robot a0 arrived at u before robot a. According
to Lemma 7.1.2, there is a path of temporal precedence edges fromx0 to x with at least one Type
1 edge. This path must also include a Type 2 edge and therefore, by Lemma 7.1.1, the robots'
distance is at least� when robot a arrives at u (and continues to be at least� in case robota has
reached its goal location).

Second, robota0 moves towardsu. In this case, robot a arrived at u before robot a0. According
to Lemma 7.1.2, there is a path of temporal precedence edges fromx to x0 with at least one Type
1 edge. This path must also include a Type 2 edge and therefore, by Lemma 7.1.1, the robots'
distance is at least� when robot a arrives at u. Since robot a cannot have reached its goal location,
because the discrete plan avoids robotsa and a0 at u at the same timestep, the robots' distance is
at least � when robot a is at u.

Theorem 7.1.1. The distance between any two robots in the graph is at least� at all times.

Proof. Consider any two robots. The theorem follows from Lemma 7.1.4 if at least one of the two
robots is at a main or auxiliary location. Otherwise, we distinguish four cases where the distance
between the two robots could potentially be less than� in the graph and show that it is not:

First, both robots traverse the interior of the same microedge in the same direction or the
interiors of two incident microedges toward each other at the same time. One of the robots will
arrive at a location incident on its microedge �rst according to Lemma 7.1.3. Their distance in the
graph will be less than� at that time, which is a contradiction with Lemma 7.1.4. Thus, this case is
impossible.

Second, both robots traverse the interior of the same microedge in opposite directions at the
same time, which is a contradiction with Lemma 7.1.3. Thus, this case is impossible.

Third, both robots traverse the interiors of incident microedges e1 and e2 away from each other
at the same time. Let e1 be an edge from locationu to v and e2 be an edge from locationu to w.
One of the robots left u last and the robots' distance in the graph was less than� at that time,
which is a contradiction with Lemma 7.1.4. Thus, this case is impossible.

Fourth, both robots traverse incident microedges in the same direction at the same time. Let
robot a traverse microedgee1 (starting at location u and ending at location v) and robot a0 traverse
microedgee2 (starting at location v and ending at location w). Robot a0 left v no later than robot
a left u since otherwise their distance in the graph would be less than� at that time, which would
be a contradiction with Lemma 7.1.4. Robot a0 will arrive at w no later than robot a will arrive at
v for the same reason. Thus, both robots traverse their microedges from the time when robota
leavesu to the time when robot a0 arrives at w. Their distance in the graph is at least � at those
times according to Lemma 7.1.4. Since both robots move with constant speeds, their distance in
the graph is at least � between those times as well.

Theorem 7.1.2. The Euclidean distance between the center of any two circular robots is at least
�=

p
2 for four-neighbor square gridsGE and six-neighbor cubic gridsGE at all times.

Proof. Consider two robots a and a0. Their distance in the graph is at least � according to
Theorem 7.1.1. We distinguish three cases and show that their Euclidean distance is at least�=

p
2

in each case:
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First, both robots are on the same microedge. Then, their Euclidean distance is at least�
according to Theorem 7.1.1.

Second, both robots are on incident microedges. Let robota be on a microedge (starting at
location u and ending at location v) at distance x from v and robot a0 be on a microedge (starting
at location v and ending at location w) at distance y from v. Then, their distance in the graph is
x + y � � . If the two microedges are parallel, then the Euclidean distance between the two robots
is equal to their distance in the graph and thusx + y � � . If the two microedges are orthogonal,
then the Euclidean distance between the two robots is

p
x2 + y2 with

p
x2 + y2 � �=

p
2 since

x2 � 2xy + y2 = ( x � y)2 � 0 ) x2+ y2 � 2xy ) 2(x2+ y2) = 2 x2+2y2 � x2+ y2+2xy � (x+ y)2 � � 2

)
p

x2 + y2 � �=
p

2.
Third, both robots are on non-incident microedges. If these two microedges are on the same

macroedge then the robots' Euclidean distance is at least� according to Theorem 7.1.1. If these
two microedges are on parallel macroedges then the Euclidean distance is at least the length of one
macroedge, which is greater than� . If these two microedges are on orthogonal macroedges then a
similar calculation as in the second case (incident microedges) applies.

7.1.6.2 Complexity

We �rst show that Algorithm 7.2 terminates for realistic values of � and then remark on its time
and space complexities.

Theorem 7.1.3. Algorithm 7.2 terminates if GE has uniform edges of rational length and� 2 Q+ .

Proof. Let � = a=b, where a; b2 Z+ , and let l = c=d be the uniform edge length, wherec; d 2 Z+ .
The set of possible distances of auxiliary locations to main locations is given byD = B [f l � eje 2 B g,
where B = f (i � � ) (qmodl)ji 2 Z+ g. Here, (qmod) is the modulus for rational numbers de�ned
such that (k � l + � )(qmodl) = �; k 2 Z+ . We can rewrite B = f (i � a�d

b�d ) (qmod b�c
b�d )ji 2 Z+ g =

f (( i � ad) (qmodcb))=(bd)ji 2 Z+ g, which is a �nite set becauseZ+ =(cb) is a �nite group. Thus, D
is a �nite set as well. Therefore, the number of auxiliary locations is �nite.

Steps 1 and 2 in Algorithm 7.2 use loops with �nite bounds and thus terminate. Step 3 in
Algorithm 7.2 (see Algorithm 7.3) terminates because the number of auxiliary locations is �nite.

For any given potentially irrational � , we can execute Algorithm 7.2 by conservatively transforming
� to a close-enough rational number. IfGE has non-uniform or irrational edge length, Algorithm 7.2
might not terminate; however, if it does terminate, the computed schedule is collision-free.

The TPG for a discrete plan for N robots with makespan T has O(NT ) vertices corresponding
to main locations and O(N 2T) edges. Algorithm 7.2 creates more vertices and edges corresponding
to auxiliary locations. The total size of the TPG depends on � , but remains �nite by virtue of
Theorem 7.1.3 and increases the complexity of the algorithms that work on it only by a constant
factor.

Algorithm 7.2 constructs the TPG in O(N 2T2) time. The STN bounds can be computed in
constant time for any given edge, resulting inO(N 2T) time.

We can compute a schedule by executing the Bellman-Ford algorithm twice: once on the distance
graph starting from X F and once on the distance graph with all edges reversed starting fromX S .
Since our STN hasO(NT ) vertices and O(N 2T) edges, we can compute a schedule inO(N 3T2)
time. Thus, the overall runtime complexity of MAPF-POST is O(N 3T2) and its space complexity
is O(N 2T).

7.1.6.3 Existence of Solution

In the following we prove that MAPF-POST can compute a schedule for any given discrete plan as
long as there are no speci�ed minimum speed limits.
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Lemma 7.1.5. The TPG as constructed by Algorithm 7.2 is a directed acyclic graph.

Proof. We use the notation vj
( t;d ) for each vertex in the TPG that corresponds to an auxiliary or

main location, where j indicates that the vertex corresponds to robotaj , t indicates the discrete
timestep of the current or previous main location in the discrete plan, andd indicates the distance
to the current or previous main location of aj . We de�ne a relation vj 0

( t 0;d0) � vj
( t;d ) i� t0 > t or t0 = t

and d0 > d . This relation de�nes a valid partial order on the vertices of the TPG, because the
tuple (t; d) is composed of ordinal values. It now su�ces to prove that each edge(x; x 0) in the TPG
respects this partial order, i.e., x0 � x.

By construction, Type 1 edges connect consecutive vertices associated with a path for each robot
(Line 9). Therefore, Type 1 edges respect the partial order.

There are �ve places where Algorithm 7.2 adds Type 2 edges of the form(vj
( t;d ) ; vj 0

( t 0;d0) ). The
three places in Lines 25, 26 and 32 respect this order becauset0 � t + 1 . The remaining two places
in Algorithm 7.3 (Lines 16 and 19) invoked by Algorithm 7.2 also respect this order. This is because
these lines require the condition that t0 � t + 1 or t0 = t and d0 � d = � .

Theorem 7.1.4. There always exists a plan-execution schedule that is consistent with the simple
temporal constraints of the STN for a MAPF plan and assigns �nite plan-execution times to all
vertices in the augmented TPG, if no minimum speed limits are speci�ed.

Proof. By Lemma 7.1.5, the constructed TPG is a directed acyclic graph. The distance graph
has one forward and one reverse edge for each edge in the TPG. All reverse edges in the distance
graph are �nite negative, since all lower bounds in the STN represent positive and �nite speed
limits. However, all forward edges in the distance graph are in�nity, since all upper bounds in
the STN represent minimum speed limits that are not speci�ed. This guarantees that there are
no negative-cost cycles in the distance graph. Thus, there exists a plan-execution schedule that
satis�es all simple temporal constraints [39]. The earliest plan-execution time of any vertexv in the
augmented TPG is the negative of the cost of a shortest path fromv to X S in the distance graph
and is thus �nite (since all lower STN bounds are �nite).

In the case of robots with minimum speed limits, although Theorem 7.1.4 is no longer true,
MAPF-POST will detect and report such a case correctly by �nding a negative cost cycle in the
distance graph. Unfortunately, however, such a negative cost cycle only shows that there is no such
schedule for the given discrete plan. Another discrete plan, perhaps with the same makespan, might
very well lead to a valid continuous schedule.

7.2 Extensions

We now discuss how MAPF-POST can be used for di�erential drive robots by taking rotation
actions into account. Furthermore, we discuss how to minimize the representation of the TPG to
reduce the solving time.

7.2.1 Di�erential Drive Robots

So far, we have assumed that the robots are holonomic and thus able to move in all directions.
However, many robots, such as di�erential-drive robots, are non-holonomic. A di�erential-drive
robot cannot move sideways; instead, it has to �rst turn and then continue moving forward (it
can also move forward while turning). Such a rotation takes additional time, which our standard
MAPF formulation does not take into account. If we model the robot closer to reality, we can set
the maximum speed of the robots closer to their nominal speeds without risking safety distance
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(a) Agent simulation. (b) v-rep simulation. (c) Implementation on Create2
robots.

Figure 7.9: Screenshots of the three validation settings for our running example.

violations. We address the problem during discrete planning and MAPF-POST. We make the
following changes to accommodate di�erential-drive robots that operate on grid-worlds. First, we
change the de�nition of the MAPF problem and adapt the MAPF solver appropriately. Vertices
now are pairs of locations (cells) and orientations (discretized into the four compass directions)
and actions either wait, move forward to the next location or rotate in place 90 degrees clockwise
or counter-clockwise. Edges and collisions change accordingly. Second, when we determine the
routes from a MAPF plan we remove the wait actions but keep the move and rotate actions. Then,
we merge several consecutive rotate actions into one rotate action whose rotation angle is the
sum of the merged rotations (and delete the rotate action if its rotation angle is zero). Third, we
adapt the placement of Type 2 edges in the TPG since two consecutive vertices on a route can
now correspond to the same location (with di�erent orientations). Type 2 edges connect the last
such vertex on a route to the �rst such vertex on another route. Fourth, we split those Type 1
edges (and introduce safety markers) that correspond to move actions but not those Type 1 edges
that correspond to rotate actions. Fifth, we associate the STN bounds[L (e)=V �

max (e); L (e)=V �
min ] if

V �
min > 0 and [L(e)=V �

max (e); 1 ] if V �
min = 0 with a Type 1 edge e 2 EST N that corresponds to a

rotate action, where L(e) is the absolute value of the rotation angle andV �
max (e) and V �

min (e) are the
maximum and minimum rotational speed limits, respectively. Sixth, Theorem 7.1.1�as stated in
this chapter�requires a non-zero minimum translational speed vmin to guarantee a positive safety
distance but we can simply assume for the purpose of the theorem that non-holonomic robots do
not rotate in place in the locations associated with location vertices but move slowly toward the
locations of the next safety markers on their paths while rotating.

7.2.2 Parsimonious Representation

Algorithm 7.2 avoids creating some transitive edges, however it is still possible that some Type 2
edges are implied by transitivity. In particular, the algorithm only considers pairs of robots and not
robot groups with more than two members. It is possible to remove transitive edges in polynomial
time for directed graphs [1] and even linear time for speci�c kinds of acyclic directed graphs [64].
It requires less time to �nd a schedule for an STN with fewer edges. There are two advantages
in computing the transitive reduction. First, it might lead to an overall faster running time, if
the time for the graph reduction and �nding a schedule for the reduced graph is smaller than the
time required to �nd a schedule for the original graph. Second, the number of removed edges gives
an insight into the number of unnecessarily created edges in Algorithm 7.2. We present empirical
results of that approach in Section 7.3.

7.3 Experimental Validation

We implemented MAPF-POST in C++ using the boost graph library [133] for the graph operations.
All experiments were run on a laptop computer with an i7-4600U2:1 GHz processor and12 GB
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Table 7.1: Number of vertices, edges, and runtimes for di�erent problem instances and safety
distances.

� = 0 :5 � = 0 :8
N T jVT P G j jET P G j tT P G [s] tsolve [s] jVT P G j jET P G j tT P G [s] tsolve [s]

50 29 1320 3074 0.1 0.1 3125 7540 0.1 0.1
100 44 3563 9293 0.2 0.1 8470 22823 0.2 0.6
150 63 6797 19109 0.6 0.2 16389 47221 0.7 2.4
200 61 9642 27416 1.0 0.3 23353 67853 1.3 3.7
250 65 13952 40934 2.0 0.6 34031 101631 2.3 8.3
300 79 17839 54521 3.6 1.0 43692 135639 4.4 13.4
350 90 22355 68773 6.0 1.3 54891 171220 6.6 20.8
400 91 27448 86850 8.6 2.1 67469 216307 9.6 26.5

RAM. We validated our approach experimentally in three di�erent settings, namely using an
agent simulation (which implements the uniform speed model perfectly), the robot simulation
tool v-rep , and an implementation on actual robots. Pictures of the di�erent approaches are
shown in Fig. 7.9. A supplemental video showcasing some of our experiments is available at
https://youtu.be/Da7PzIrLnfM .

7.3.1 Agent Simulation

We discuss the runtime behavior of MAPF-POST for practical problems in four di�erent perspectives.
In all cases, we used an ECBS solver to compute the discrete plans for MAPF instances. First, we
look at the di�erent runtime for varying number of robots ( N ) and discrete makespanT. Second,
we discuss the in�uence of the user-provided safety distance� for the runtime of MAPF-POST.
Third, we run various experiments to compare original and parsimonious representations of the
TPG. Finally, we demonstrate the e�ect of re-solving the STP to avoid replanning in dynamic
environments.

7.3.1.1 Varying Number of Robots and Makespan

To determine the runtime for practical problems, we randomly generate a grid environment with
1 m � 1 m cells and 10% occupied grid cells. The robots' start and goal locations and occupied grid
cells are randomly assigned. We use ECBS [11] as our discrete solver. Table 7.1 shows some of
our results for varying numbers of robots and two di�erent safety distance settings. The time to
�nd a schedule varies depending on the number of robots (N ), the makespan of the discrete plan
(T), and the safety distance (� ). We report the number of created vertices (jVT P G j), the number
of created edges (jET P G j), the time to execute Algorithm 7.2 ( tT P G ), and the time to solve the
STN (tsolve ). The larger safety distance of� = 0:8 m creates more vertices and edges compared to
� = 0:5 m, because of theaddAdditionalType2Edges function. The increased number of vertices
and edges leads to a larger runtime for solving the STN compared to� = 0 :5 m.

7.3.1.2 In�uence of Safety Distance

We execute MAPF-POST on the environment shown in Fig. 7.10. Here, 100 robots try to cross to
their respective opposite sides. We record the achieved minimum distance as reported by numerically
executing the path, the number of vertices and edges of the TPG, the runtime to compute a
continuous plan-execution schedule, and the achieved makespan for di�erent user-provided safety
distances. The results are shown in Table 7.2. It is noticeable that the STN solving runtimetsolve

varies a lot, between0:5 s and 13:5 s. Furthermore, the achieved safety distances are always very
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Figure 7.10: Example environment with 100 robots for the analysis of the in�uence of the
requested safety distance � . Each robots start location is shown as a circle and its goal
location is on the opposite side from the start location, marked as a colored square.

Table 7.2: Runtime of MAPF-POST for di�erent safety distance � for the example shown in
Fig. 7.10.

� [m] �p
2

[m] minDist [m] jVT P G j jET P G j tT P G [s] tsolve [s] makespan [s]

0.1 0.07 0.10 42596 83706 0.8 1.8 33.0
0.2 0.14 0.20 21816 46416 0.5 1.1 33.1
0.25 0.18 0.18 17660 38958 0.6 0.9 33.1
0.3 0.21 0.22 40374 87335 0.8 8.8 33.1
0.4 0.28 0.28 21978 50437 0.6 2.7 33.2
0.5 0.35 0.36 9157 23851 0.4 0.5 33.2
0.6 0.42 0.45 21073 50177 0.6 3.2 33.3
0.7 0.49 0.50 29404 72827 0.7 4.9 33.3
0.8 0.57 0.57 22603 59415 0.6 4.7 33.4
0.9 0.64 0.64 44637 118006 0.9 13.5 33.4

closely above the requested safety distances. For� = 0:5 m a schedule was computed quickest. The
search graph for our example is a grid with all edges being1 m long. Therefore, a safety distance of
0:5 m leads to a TPG, where the only safety markers might be added in the middle of two vertices
indicating main locations. Thus, the TPG contains signi�cantly fewer edges and vertices compared
to TPGs created by using a di�erent � . Requested safety distances that divide the edge length (in
this example � 2 f 0:1; 0:2; 0:25; 0:5g) tend to result in faster solving times even if the number of
edges and vertices are similar. For example, the result for� = 0 :2 and � = 0 :4 results in similar
number of edges and vertices, but the time to �nd a schedule is longer in the latter. The makespan
increases with higher requested safety distances, but not signi�cantly.

7.3.1.3 Parsimonious Representation

We generated 39 random environments with varying number of robots, start- and goal locations with
a cell size of1 m � 1 m. For each case, we execute MAPF-POST for safety distances� 2 f 0:2; 0:5; 0:8g
and record the runtime with and without the transitive reduction as well as statistics about the
number of edges in the TPG. To compute the transitive reduction, we implemented an existing
algorithm [64]. The number of edges was reduced by33 % on average (standard deviation:0:07 %).
The smaller graphs resulted in the solving time being reduced by23 % on average. However,
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7.3. Experimental Validation

Figure 7.11: Formation-change example with v-rep , where three groups of spider-like robots
form di�erent letters.

computing the transitive reduction took longer than the time saving during solving on average,
resulting in an average increase of the runtime of11 % when the transitive reduction was enabled.

Those results indicate that it is not advisable to use the parsimonious representation for one-time
schedule computations.

7.3.2 Simulations

We run robot simulations using the robot simulator v-rep for three di�erent robots: iRobot Create2
di�erential drive robots, spider-like six-legged robots, and quadcopters. For the Create2, we ensure
the similarity of the robot simulation and implementation on actual robots by using the robot
operation systemros as middleware and implementing a robot controller directly in ros that drives
either virtual robots in v-rep or actual robots. The controller controls the state [x; y; � ]T and
tries to meet the deadline speci�ed by the plan-execution schedule of MAPF-POST by setting the
translational (or rotational) speed of a robot to the ratio of the remaining time to reach the next
location (or orientation) and the remaining translational (or rotational) distance, which approximates
the uniform velocity model well. A PID-controller corrects for heading error and drift by driving
the two motors independently and using the known location of the robot from either the simulation
or motion-capture system. Here, the controllers are su�cient to absorb deviations from the planned
path and neither re-solving the STP nor replanning was used.

For the other robots we use the controllers provided byv-rep . A screenshot of the Create2
simulation is shown in Fig. 7.9b; examples of the other simulation experiments are shown in Fig. 7.11.
Compared to the simulated example, the environments and number of robots are small, resulting in
runtimes of less than a second for MAPF-POST.

7.3.3 Physical Robot Experiments

We use eight iRobot Create2 robots equipped with single-board computers (such as ODROID C1+),
that interface to the robots via their serial ports. The computers run the PID controller on Ubuntu
14.04 with ros Jade and communicate via WiFi with a single roscore on a host computer that
runs MAPF-POST. Localization is provided by a 12-cameraVicon MX optical motion-capture
system in a space approximately5 m � 4 m in size. The discrete environment uses a grid cell size of
0:75 m� 0:75 m. Our chosen value of� = 0:74 m guarantees a safety distance of0:74 m=

p
2 � 0:52 m,

assuming perfect execution on holonomic robots. To prevent collisions of the physical non-holonomic
robots (whose diameter is0:35 m), the improved MAPF-POST limits their maximum translational
speed to0:2 m=s, even though the robots can move with a translational speed of up to0:5 m=s. This
parameter adjustment was su�cient to absorb deviations from the planned path in the controller.
Figures 7.12a and 7.12b show an example formation-change instance on the robots.
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7.4. Remarks

(a) Multi-color MAPF instance
with two groups of four robots
each, di�erentiated by color.
The start formation is on top,
and the goal formation is at the
bottom.

(b) Formation-change instance on Create2 robots
that corresponds to the multi-color instance in (a).
The four robots with a white �ag (on the left) be-
long to the same group.

Figure 7.12: Physical robot experiment.

7.4 Remarks

We described MAPF-POST, a post-processing step which takes the output of any discrete multi-
robot planner and produces a continuous schedule in polynomial time. This method allows the use
of existing planners, which work well for hundreds of robots and provide sub-optimality guarantees,
with physical robots. Thus, we combine the scalability of AI solvers and the practicality of planners
in robotics to e�ciently solve problems which arise in real-world scenarios such as warehousing and
towing.

MAPF-POST has the following features: (a) it incorporates kinodynamic constraints of the
robots such as speed limits; (b) it maintains a user-speci�ed safety-distance; (c) it attempts to
minimize makespan; and (d) it runs e�ciently for hundreds of robots. We demonstrated the e�ciency
and versatility in several simulations and on physical robots.

One of the key insights of MAPF-POST, the ability to extract dependencies from a given schedule
in polynomial time, is also used for the execution framework presented in Chapter 10.
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CHAPTER 8
Task and Motion Planning for Aerial

Vehicles

We now consider the formation change problem for a team quadrotors in obstacle-rich environments.
It is possible to use a graph representation of the 3-dimensional environment, execute MAPF and
MAPF-POST to �nd and execute a schedule [170]. However, the quadrotors would need to operate
at low speeds or stop at each vertex. Additionally, this model ignores the downwash e�ect which
disallows quadrotors to �y in close vertical proximity.

In the following, we present an optimization-based postprocessing step that can compute smooth
trajectories that can be safely executed on a team of quadrotors.

8.1 Approach

We now formalize the trajectory planning problem for any homogeneous robot team and outline our
method to solve this class of problems. Furthermore, we introduce the robot model for quadrotors.
Later sections discuss the steps of our approach in more detail, using a quadrotor swarm as example.

8.1.1 Problem Statement

Consider a team ofN robots in a bounded environment containing convex obstaclesO1; : : : ; ON obs .
Boundaries of the environment are de�ned by a convex polytopeW. The convex set of points
representing a robot at position q 2 R3 is R E(q). The free con�guration space for a single robot is
thus given by

F =
�

W n
�

N obsS

h=1
Oh

��
• R E(0) (8.1)

where • denotes the Minkowski di�erence. We allow a separate inter-robot collision model and
de�ne R R (q) to be the convex set of points a robot at positionq requires to operate safely when
close to another robot. For example, in the case of quadrotorsR R (q) can model the downwash
e�ect.

This chapter is based on Wolfgang Hönig , James A. Preiss, T. K. Satish Kumar, Gaurav S. Sukhatme, and
Nora Ayanian. �Trajectory Planning for Quadrotor Swarms�. In: IEEE Transactions on Robotics, Special Issue on
Aerial Swarm Robotics 34.4 (2018), pp. 856�869. doi : 10.1109/TRO.2018.2853613.
James A. Preiss was a PhD student and mostly worked on continuous portion: corridor computation, trajectory
optimization, and iterative re�nement. I mostly worked on the discrete portion: Octomap environment mapping,
roadmap generation, and MAPF/C solver. Experiments were executed jointly.
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8.1. Approach

Figure 8.1: Components of our approach. The user speci�es a model of the environment
(e.g. using an octree), a model of the robot (e.g. sphere), start/goal locations, a robot-
robot collision model (e.g. ellipsoid), and dynamic limits (e.g. maximum acceleration). We
generate a sparse roadmap from the environment, including the start and goal locations as
vertices. The collision model is used to annotate the roadmap with additional inter-robot
con�icts. This annotated roadmap can be used to �nd a discrete schedule for each robot. This
schedule de�nes a corridor for each robot in which trajectory optimization is used to generate
smooth trajectories. Finally, the trajectories are scaled in order to ful�ll the dynamic limits.
The pictures on the bottom show one example of two quadrotors swapping their positions.

Let f i : [0; T] ! R3 be a trajectory for each robot r i , where T 2 R> 0 is the total time duration
until the last robot reaches its goal. All trajectories are consideredcollision-free if there are no
robot-environment collisions, i.e. f i (t) 2 F and no robot-robot collisions, i.e.

R R (f i (t)) \ R R (f j (t)) = ; 8 i 6= j; 0 � t � T: (8.2)

In the labeled trajectory planning problem we are given a start and goal position for each
robot si ; gi 2 F , where start and goal inputs must satisfy the robot-robot collision model, i.e.
R R (si ) \ R R (sj ) = ; and R R (gi ) \ R R (gj ) = ; for all i 6= j .

We seek the total time duration T and collision-free trajectoriesf i such that:

ˆ f i (0) = si

ˆ f i (T) = gi

ˆ f i is continuous up to user-speci�ed derivative orderC

ˆ f i is kinodynamically feasible for robot i .

In the unlabeledcase we allow the robots to exchange goal locations, i.e. we additionally seek an
assignment of each robot to a goal position such thatf i (T) = g� ( i ) , where � is a permutation of
1; : : : ; N .
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